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PREFACE 

In additioD to the features of the Plane Geometry, which are 
emphasized in the Solid as well, the chief characteristic of this 
book is the establishment, at every point, of the vital relation 
between the Solid and the Plane Oeometry. Many theoi-ems in 
Solid Geometry have been proved, and many problems have 
been solved, by reducing them to a plane, and simply applying 
the corresponding principle of Plane Geometry. Again, many 
proofs of Plane Geometry have been made to serve as proofs 
of corresponding theorems in Solid Geometry by merely mak- 
ing the proper changes in terms used. (See §§ 703, 786, 794, 
813, 853, 924, 951, 966, 961, etc.) 

Other special features of the book may be summarized as 
follows ; 

The etndent is given every poaaiUe aid in forming his early 
apace conc^ts. In the early work in Solid Geometry, the 
average student experiences difficulty in fully comprehending 
space relations; that is, in seeing geometric figures in space. 
The student is aided in orefppniiijg this difficulty by the intro- 
duction of many easy and* ptacfieal questions- and exercises, as 
well aaby being encouraged to wcfAehis-ftgarsa. . (See §605.) As 
a further aid in this di recliou,' reproducHfin^ of models made 
by students themselves are shown in a group (p. 302), and at 
various points throughout Book VI. 

The etwient'a fund of knowledge is constantly drawn upon. In 
the many questions, suggestions, and exercises, his knowledge 
of the things about him has been constantly appealed to. 
Especially is this true pf the work on the sphere, where the 

^ logic 
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iv PREFACE 

student's knowledge of mathematical geography has been ap- 
pealed to in making clear the terms and the relations of figures 
connected with the sphere. 

The treatment of the Solid Geometry is logical. The same 
logical rigor that characterizes the demonstrations in the Plane 
Geometry is used consistently throughout the Solid. If a pos- 
tulate is needed to make a proof complete, it is clearly stated, 
as in § 615. In the mensuration of the prism and the pyra- 
mid, the same general plan has been followed as that used in 
Book IV; in the mensuration of the cylinder, the cone, and 
the sphere, the method pursued is similar to that used in the 
mensuration of the circle. ' 

More proofa and parts of proofs are lejl to the student in the 
Solid, than in the Plane Geometry ; but in every case in which 
the proof is not complete, the incompleteness is specifically 
stated. 

Tlie treatment of the polyhedral angle (p. 336), of the prism 
(p. 345), and of the pyramid (p. 350), is similar to that of the 
cylinder and the cone. This is in accordance with the recom- 
mendations of the leading Mathematical Associations through- 
out the country. 

The complete collection of formulas of Solid Geometry at (Ae 
end of the book, it is hoped, will be found helpful to teacher 
and student alike. 

The grateful acknowledgment of the authors is due to many 
friends for helf^I'su^eationgj.esEecially to Miss Grace A. 
Brace, of the \^ddieigh "H*gh' :Scliool, New York; to Mr. 
Edward B. PArSoJi^ ?f£ Shff ^Qys? HigK 'School, Brooklyn ; and 
to Prof essor'Kcmahftit, il£ (>)iTieil'UiIi«ersity. 
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SYMBOLS AND ABBREVIATIONS 



= equals, equal to, is equal to. 


rt. 


right. 


^ does nol equal. 


str. 


stndght 


> greater than, is greater than. 


eit. 


exterior. 


< less than, is less than. 


int. 


interior. 


•O' eqaiTalent, equivalent to, is equiva- 


ait. 




lent to. 


del. 


deflnition. 


~. aimilar, similar to, is siniilar to. 


ax. 


axiom. 


« is measured by. 


poet. 


postulate. 


± perpendicular, perpendicular to, la 


hyp. 


hypotbesis. 




prop. 






prob. 


problem. 


II parallel, parallel to, is parallel to. 


th. 


theorem. 


lis parallels. 


cor. 


corollary. 




cons. 


construction. 


-.- since. 




exercise. 


,-, therefore. 


fig- 


figure. 


^ are ; AB, arc AB. 


ideu. 


identity. 




comp 


complementary 


O, ® circle, circles. 


sup. 


Bupplemenlary. 


^, A angle, angles. 


adj. 


adjacent 


A, A triangle, triangles. 


homo 


homologous. 




mis to be proved. 


O.B.r. Quod erat faciendum, whtch was to 


he done. 






n algebra. 
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REFERENCES TO THE PLANE GEOMETRY 

ITota. The following definitions, theorems, etc., from the Plane 
Geometry which are refeirud to in the Solid Geometry are here collected 
for the conTenlenc« of the atudent. 

(The Dambera below refer to trtlclea In the Plana Onimetiy.) 

18. D«f. Two geometric figures are equal if they can be made to 
coincide. 

26. Two intersecting straight lines can have only one point in 
common; i.e. two intersecting straight lines determtue a point. 

34. Def. A plane auifBoe (or plane) is a surface of unlimited 
extent such that whatever two of its points are taken, a straight line 
joiuiag them will lie wholly in the surface. 

Assumptions 
54. 1. Things equal to the same thing, or to equal thirds, are 
equal to each other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders are equal. 

4. If equals are added to unequals, the sums are unequal in the 

5. If equals are subtracted from unequals, the remainders are 
unequal in the same order. 

6. If unequals are subtracted from equals, the remainders are 
unequal iu the reverse order. 

7. (a) If equals are multiplied by equals, the products are equal ; 
(b) if unequals are multiplied by equals, the products are unequal in 
the same order. 

8. (a) If equals are divided by equals, the quotients are equal ; 
(S) if unequals are divided by equals, the quotients are unequal in 
the same order. 

B. If unequals are added to unequals, the less to the less and the 
greater to the greater, the sums are unequal in the same order, 

10. If three magnitudes of the same kind are so related that the 
first fa greater than the second, and the second greater than the third, 
then the first is greater than the third. 

L:,.i,-z__iv,GoOg[c 



viii REFERENCES TO THE PLANE GEOMETRY 

11. The whole is equal to the sum of all its parts. 

12. The whole ia greater than any of ita parts. 

13. Like powers of equal numbers are equal, and like roots of 
equal numbers are equal. 

II. TraiiBfereiioe poBtnlate. Any geometric figure may be 
moved from one position to another without change of size or 

15. Straight liii« postulate I. A straight line may be drawn 
from any one point to any other. 

16. Straight line postulate II. A line segment may be pro- 
longed indefinitely at either end. 

17. Revolution poatnlate. A straight line may revolve in a 
plane, about a point as a pivot, and when it does revolve continuously ■ 
from one position to another, it passes once and only once through 
every intermediate position.. 

62. At every point in a straight line there eslatg only one perpen- 
dicular to the line. 

63. At every point in a straight line there exists one and only one 
perpendicular to the line. 

65. If one straight line meets another straight line, the sum of the 
two adjacent angles is two right angles. 

76. If two adjacent angles are supplementary, their exterior sides 
are col linear. 

77. If two straight lines intersect, the vertical angles are equal. 
92. Def. A polygon of three sides ia called a triangle; one o 

four sides, a quadrilateral; one of five sides, a pentagon; one o: 
siT aides, a hexagon; and so on. 

105. Two triangles are equal it a side and the two adjacen 
angles of one are equal respectively to a side and the two adjacen 
angles of the other. 

107. Two triangles are equal if two sides and the included angli 
of one are equal respectively to two sides and the included angle o 
the other. 

110. Homologous pai-ta of equal figures are equal. 

III. The base angles of an isosceles triangle are equal. 

116. Two triangles are equal it the three sides of one are equal 
resjiectively to the three sides of the other, 
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REFERENCES TO THE PLANE GEOMETRY ix 

133. Circle poatulate. A circle may be constructed having any 
point as center, and having a radiua equal to aDy finite line, 
124. To construct an equilateral triangle, with a given line as 



139. Every point equidistant from the ends of a line lies in the 
perpeudicular bisector of tliat line. 

142. Two points each equidistant from the ends of a line deter- 
mine the perpendicular bisector of the line. 

148. To construct a perpendicular to a given straight line at a 
given point in the line. 

149. From a point outside a line to construct a perpendicular to 
the line. 

153. If one side of a triangle is prolonged, the exterior angle 
formed is greater than either of the remote interior angles. 

154. From a point outside a line there exists only one perpendic- 
ular to the line. 

1S6. If two sides of a triangle are unequal, the angle opposite the 
greater side ia greater than the angle opposite the less side. 

161. (a) In the use of the indirect method the student should give, 
as ailment 1, all the suppositions of which the case he is considering 
admits, including the concliisioii. As reason 1 the number of such 
possible suppositions should be cited. 

(A) As a reason for the last step in the argument he should state 
which of these suppositions have been proved false. 

167. The sum of any two sides of a triangle is greater than the 
third side. 

168. Any side of a triangle is less than the sum and greater than 
the difference of the other two. 

173. If two triangles have two sides of one equal respectively to 
two sides of the other, but the third side of the first greater than the 
third side of the second, then the angle opposite the third side of the 
first is greater than the angle opposite the third side of the second. 

178. Parallel line poatulate. Two intersecting straight lines 
cannot both be parallel to the same straight line. 
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X REFEUENCES TO THE PLANE GEOMETRY 

179. The following form of this postulate ia sometimes more con- 
venient to quote : Through a given point there exiHts only one line 
parallel to s, given line. 

180. If two straight lines are parallel to a third straight line, they 
are parallel to each other. 

167. If two straight lines are perpendicular to a third straight line, 
they are parallel to each other. 

190. If two parallel lines are cut by a transversal, the correspond- 
ing angles are equal. 

192. If two parallel lines are cut by a transversal, the sum of the 
two interior angles on the same side of the transversal is two right 
angles. 

193. A straight line perpendicular to one of two parallels is per- 
pendicular to the other also. 

194. If two straight lines are cut by a transversal making the 
sum of the two interior angles on the same side of the transversal not 
equal to two right angles, the lines are not parallel. 

196. Two angles whose sides are parallel, each to each, are either 
equal or supplementary. 

206. In a triangle there can be but one right angle or one obtuse 
angle. 

209. Two right triangles are equal if the hypotenuse and an 
acute angle of one are equal respectively to the hypotenuse and an 
acute angle of the other. 

211. Two right triangles are equal if the hypotenuse and a side 
of one are equal respectively to the hypotenuse and a aide of the 

21S. An exterior angle of a triangle is equal to the sum of the 
' two reiuot« interior angles. 

! ^216. The sum of all the angles of any polygon is twice as many 
right angles as the polygon has sides, less four right angles. 

220. Dof. A parEdlelogram is a quadrilateral whose opposite 
sides are parallel. 

228. Def. Any side of a parallelogram may be regarded aa its 
base, and the hue drawn jierpeiidicular to the base from any point 
iu the opposite side is then the altitude. 

232. The opposite sides of a parallelogram are equal. 
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REFERENCES TO THE PLANE GEOMETRY xi 

234. Parallel lines iotercepted between the same parallel lines 

240. If two opposite sides of a quadrilateral are equal and par- 
allel, the figure is a parallelc^ram. 

253. The two petpendioulars to the sides of an angle from any 
point in its bisector are equal. 

233. Every point in the bisector of an angle is equidistant from 
the sides of the angle. 

258. The bisectors of the angles of a triangle are oonoun'ent In a 
point which is equidistant from the thiee sides of the triangle. 

276. Def. A circle is a plane closed figure whose boundary ia 
a curve such that all straight hnea to it from a filled point within are 

279. (a) All radii of the same circle are equal. 

(b) All radii of equal ciicles are equal. 

(c) All circles having equal radii are equal. 

297. Four right angles contain 360. angle degrees, and four right 
angles at the center of a circle intercept a complete circumference; 
therefore, a circumference contains 360 arc degrees. Hence, a semi- 
circumference contains 180 arc degrees. 

298. In equal circles, or in the same circle, if two chords are equal, 
they subtend equal area ; coJiversely, if two arcs are equal, the chords 
that subtend them are equal. 

307. In equal circles, or in the same circle, if two chords are equal, 
they are equally distant from the center ; conversely, if two chords are 
equally distant from the center, they are'equal. 

308. In equal circles, or in the same circle, if two chords are 
unequal, the greater chord is at the less distance from the center. 

309. Note. The student should always give the full statement 
of the substitution made; for example, "Substituting AE for its 
equal CD." 

310. In equal circles, or in the same circle, if two chords are une- 
qually dbtant from the center, the chord at the less distance is the 
greater. 

313. A tangent to a circle is perpendicular to tlie radius drawn 
to the point of tangency. 
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REFERENCES TO THE PLANE GEOMETRY 

314. A straight line perpendicular to a radius at its outer ex- 
tremity is tangent to the circle. 
321. To inscribe a circle in a given triangle. 

323. To circumscribe a circle about a given triangle. 

324. Three points not in the same straight line determine a 
circle. 

328. If two circDmferences intersect, their line of centers bisects 
their common chord at right angles. , 

335. Def. To measure a quantity is to find hovr many times it 
contains another quantity of the same kind. The result of the 
measurement is a number and is called the nimieiioal measure, or 
meaaore-number, of the quantity which is measured. The measure 
employed is called the unit of measure. 

337. Def. Two quantities ai'e commensurable if there exists a 
measure that is contained an integral number of times in each. 
Such a measure is called a common measure of the two quantities. 

339. Def. Two quantities are Incommensurable if there exists 
no measure that is contained an integral number of times in each. 

341. Def. The ratio of two geometric magnitudes may be 
defined as the quotient of their measiire-n umbers, when the same 
measure is applied to each. 

349. Def. If a variable approaches a constant in such a way that 
the difference between the variable and tlie constant may be made to 
become and remain smaller than any fixed number previously 
assigned, however small, the constant is called the Umit of the 

355. If two variables are always equal, and ii each approaches a 
limit, then their limits are equal. 

358. An angle at the center of a circle is measured by its inter- 
cepted arc. ' 

362. (a) In equal circles, or in the same circle, equal angles are 
measured by equal arcs ; conversely, equal arcs measure equal angles. 

(6) The measure of the.) >-of two angles is equal to 

j difierence I 
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(c) The measure of any multiple of an angle is equal to that same 
multiple of the measure oE the angle. 

373. To coDstroct a tangent to a circle from a point outside. 

399. If four numbers are in proportion, they are in proportion by 
dlvlalou; that is, the difference of the first two terms is to the first 
(or second) term as the difference of the last two terma is to the third 
(or fourth) term. 

401. In a series of equal ratios the sum of any number of 
antecedents ia tfl the sum of the corresponding consequents as any 
antecedenj^ ia to its consequent. 

409. A atraight tine parallel to one aide of a triangle divides the 
other two sides proportionally. 

410. A straight line parallel to one side of a triangle divides the 
other two sides into segments which are proportional. 

419. Def. Two polygons are mlmllar if they .are mutually 
equiangular and if their sides are proportionaL 

430. Two triangles which are mutually equiangular are rimilar. 

422. Two right triangles are similar if an acute ai^le of one is 
equal to an acute angle of the other. 

424. (1) Homologous anglea of similar triangles are equal. 

(2) Homologous sides of similar triangles are proportional. 

(3) Homologous sides of similar triangles are the sides 
opposite equal angles. 

435. In two similar triangles any two homologous altitudes have 
tlie same ratio as any two homoli^ous sides. 

438. If two polygons are composed of the same number of triangles, 
similar each to each and similarly placed, the polygons are aimllar. 

443. In a right triangle, if the altitude upon the hypotenuse is 

I. The square of the altitude is equal to the product of the seg- 
ments of the hypotenuse. 

II. The square of either aide is equal to the product of the whole 
hypotenuse and the segment of the hypotenuse adjacent to that side. 

444. If from any point in the circumference of a circle a per- 
pendicular to a diameter is drawn, and if chords are drawn from the 
point to the ends of the diameter: 
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I. The perpendicular is a mean proportional between the Beg- 
ments of the diameter. 

II. Either chord is a mean proportional between the whole 
diameter and the segment of the diameter adjacent to the chord. 

478. The area of a square ia equal to the square of its side. 

i to each other as the products of 

480. (a) Two rectangles having equal bases are to each other 
as their altitudes, and (h) two rectangles having equal altitudes are to 
each other as their hases. 

481. The area of a parallelogram equals the product of its base 
and its altitude. 

482. Parallelograms having equal bases and equal altitudes are 
equivalent. 

483. Any two parallelograms are to each other as the products of 
their bases and their altitudes. 

484. (a) Two parallelograms having equal bases are to each 
other as their altitudes, and (6) two pai'allelograms having equal 
altitudes are to each other as their bases. 

483. The area of a triangle equals one half the product of its base 
and its altitude. 

491. The area of a triangle is equal to one half the product of its 
perimeter atid the radius of the inscribed circle. 

492. The area of any polygon circumscribed about a circle is 
equal to one half its perimeter multiplied by the radius of the in- 
scribed circle. 

498. Two triangles which have an angle of one equal to an angle 
of the other are to each other as the products of the sides including 
the equal angles. 

S03. Two similar triangles are to each other as the squares of any 
two homologous sides. 

917. If the circumference of a circle is divided into any number of 
equal arcs : (a) the chords joining the points of division form a regu- 
lar polygon inscribed in the circle ; (b) tangents drawn at the points 
of division form a regular polygon circumscribed about the circle. 
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538. The perimeters of two regular polygons of the same number 
of Hidea are to each other aa their radii or as their apothems. 

541. I. The perimeter and area of & regular polygon inscrilieU in 
a circle are less, respectively, than the perimeter and area of the regu- 
lar inscribed polygon of twice as many sides. 

II. The perimeter and area of a regular polygon circumscril>ed 
about a circle are greater, respectively, than the perimeter and area of 
the regular circumscribed polygon of twice as many sides. 

543. By repeatedly doubling the number of sides of a regular poly- 
gon inscribed in a circle, and making the polygons always regular : 

I. The apothem can be made to differ from the radius by less than 
any assigned value. 

II. The square of the apothem can be made to differ from the 
square of the radius by less than any assigned value. 

546. By repeatedly doubling the number of sides of regular cir- 
cumscribed and inscribed polygons of the same number of sides, and 
making the polygons always regular : 

I. Their perimeters approach a common limit. 

II. Their areas approach a common limit. 

550. Def. The length of a clrcumferenctt is the common limit 
which the successive perimeters of inscribed and circumscribed regu- 
lar polygons (of 3, 4, 5, etc,, sides) approach as the number of sides is 
successively increased and each side approaches zero aa a limit. 

596. Any two circumferences avetoeachotheras their radii. 

558. Def. The area of aolrole is the common limit which the 
successive areas of inscribed and circumscrilied regular polygons ap- 
proach as the number of sides is successively increased and each side 
approaches zero as a limit. 

559. The area of a circle is equal to one half the product of its 
circumference and its radius. 

586. If a variable can be made less than any assigned value, the 
quotient of the variable by auyconstant, except zero, can be made less 
than any assigned value. 

587. If a variable can be made less than any assigned value, the 
product of that variable and a decreasing value may be made less 
than any assigned value. 
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590. The limit of the product of a, variable and a constant, not 
zevQ, is the limit of the variable multiplied by the constant. 

592. H two variables approach finite limits, not zero, then the 
limit of their pioduct is equal to the product of their limits. 

993. If each of any finite number of variables approaches a 
finite limit, not zero, then the limit of their product is equal to the 
product of their limits. 

594, If two related variables are such that one is always greater 
than the other, and if the greater continually decreases while the less 
continually increases, so that the difference between the two may be 
made as small as we please, ithen the two variables have 
limit which lies between them. 

S99. All angle can be bisected by only one line. 
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SOLID GEOMETRY 
BOOK VI 

LINES, PLANES, AND ANGLES IN SPACE 

602. Def. Stdld geomotry or the geometry of apace treats of 
figures whose parts are not all in the same plane. (For defini- 
tion oiplane or plane surface, see § 34.) 

a From the definition of a plane it follows that : 
ftieo pointa of a atraightline Ue in aplane, the whole line 
lies in that plane. 

(b) A straight li-ne can intersect a plane in not more than one 
paint. 

604. Since a plane is unlimited in its t 

(length and breadth) 

only a portion of it can / 

be shown in a figure. / 

This is usually repre- / 

seated by a quad- / 

rilateral drawn as a jj/ 

parallelogram. Thus 

Mlf representa a plane. Sometimes, however, conditions make 

it necessary to represent a plane by a figure other than a 

parallelogram, as in § 617. 

Ex. 1192. Draw a rectangle freehand wbich is supposed h> lie : (a) 
in a vertical plane ; (b) in a horizontal plane. May the four angles at 
the rectangle of (a) be drawn equal ? those of the rectangle of (6) ? 
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bO£ * Aote. 'Ifi *t^'%iiTe3 in solid geometry dashed lines will be used 
to represent all auxiliary lines and lines tliat are not supposed to be visible 
but whicli, for purposes of proof, are represented in tbe Agure. All otiier 
lines will be conCiiiuoua. In tbe earlier work in solid geometry the stu- 
dent may experience difficulty in imagining the figures. If so, be may 
find it a great help, for a time aL least, to make tbe figures. By using 
pasteboard Co represent planes, thin sticks of wood or stiff wires to repre- 
sent lines perpendicular to a plane, and strings to represent oblique lines, 
any figure may be actually made with a comparatively small expenditure 
of time and with practically no expense. For reproducttuns of models 
actually uinde by high school studeDts, see group on p. 302 ; siso §§ 622, 
033, 078, 760, 762, 770, 707. 

606. AflaumpUon 20. Revolution postulate. A plane may 
revolve about a line in it as an axis, and as it does so revolve, it 
can contain any particular point in space in one and only one 
position. 

607. From the revolution postulate it follows that : 
Through a giuen straiglit line any number of planes may be 

passed. 

For, as plane MJf revolves about AB as an axis (S 606) it 
may occupy an 
unlimited num- 
ber of positions 
each of which 
will represent a 
different plane 
through AB. 

606. Def. A plane is said to be determined by given condi- 
tions if that pfaiie and no other plane fulfills those conditions. 

609. From §§ 607 and 608 it is seen that: 
A straight line does not determine a plane. 

Bx. 1153. How many planes may be passed throusli any two points 
in space ? why ? 

Bz. 1154. At a point P in a given straight line AB in space, con- 
struct a line perpendicular to AB. How many such lines can be drawn ? 



J^-— 
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/ LINES AND PLANES 
Proposition I. Theorem 



610l a plane is determined \ 
point not in the line. 



f a straight line and a 
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Olven line AB and P, a point not ia AB. 
To prov« that AB and J" determine a plane. 



ABaHMBNT 

1. Through AB paas any plane, as J/M 

2. Eevolve plane MS about ab as an axis 

until it contains point P. Call the 
plane in this position SS. 

3. Then plane £5 contains line JB and 

point P. 

4. Furthermore, in no other position can 

plane Mlf, in ita rotation about AB, 
contain point P. 
. 5. .: as is the only plane that can contain 
AB and P. 
6. .'. .Js and P determine a plane. <i.e.d. 

611. Cor. 1. 1* A plane is determined by 
in the same straight line. 

Hint. Let A, B, and C be the three given pointB. 
BtTOight line, and apply g 610. 

S12. Cor. n. .A plane is determined i 
ting straight lines. 



§607. 
S O06. 



3. Arg. 2. 

4. § 606. 

5. Arg. 4. 

6. § 608. 

three points not 
Join A and fl by a 

by two interseo- 
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\^3J Cor. m. A plane is determined by ftvo paraOi^ 
^r^J^hi lines. 

Ex. 1155. Given line AB in space, aad P a point not in AB. Con- 
struct, tbrough P, a line perpendicular to AB. 

Ex. 1156. Hold two pencils so ttiat a plane can be passed through 
them. In howm&a; ways can this be done, uiauining that the pencils are 
lines? why? 

Bx. 1157. Can two pencils be held so that no plane can be passed 
through them ? It so, how ? 

Ex. 1158. In measuring wheat with a half bushel measure, the meaa- 
ure is first heaped, then a stnugbtedge is drawn across the top. Why is 
the measure then even full ? 

Ex. 1159. Wh; is a surveyor's transit or a photographer's camera 
always supported on three legs rather than on two or four ? 

Ex. 1160. How many planes are determined by four straight lines, 
no tiiree of which lie in the same plane, if the four lines inteisect : (1) at 
n point ? (2) at four diSerent points ? 



614. Def- The inteneotlon of two BuifaCM is the locua of 
all points common to the two surfaces. 

615. ABBumptlon 21. Postulate. Two plane* having one point 

mt&mmon also have another point ii 



Beproduced from Models made bj High School Students 
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/ PaopoaiTios' IT. Theorem 

^\ 61J^ If two planes intersect, their intersection' is a 
straight line- 




OivoD intersecting planes MN &nd RS. 

To prove the intersection of MS and £5 a str. line. 



ABOnMBNT 

Let A and B be any two points 

to the two planes MN and RS. 
Draw Btr, line AB. 
Since both A and B lie in plane MS, 

str. line AB lies Id plane MN. 
Likewise str. line AB lies in plane AS. - 
Furthermore no point outside of AB 

can lie in both planes. 
.'. Ab is the intersection of planes MH 

and Ba. 
But AB is a str. line. 
.-. the intersection of MIf and A5 is a 

str. line. q.e.d. 



1. § 615. 



2. S54, 16. 

3. § 603,^1. 



4. §603,( 

5. §6X0. 



7. Arg. 2. 

,8. Args. 6 and 7. 



Ex. 1161. Is it poadble for more than two planes t 
BtiaJght line ? Esplain. 

Bx. 1162. By referring to §§ 26 and 608, g^ve the meting of the 
eipresgion, " Two planes determine a. straight line." ' 

Ex. 1163. Is the statement In Ex. 1162 always troe ? Gire reasons 
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Proposition III. Theorem 

' ■ ^617y If three, planes, not passing through the same 
line, intersect each other, their three lines of intersection 
are concurrent, or else they are parallel, each t^o each. 




Qlren planes MH, PS, and KV intersectmg each other in 
lines MN, PQ, and AS; also ; 

I. OiTen JfJT and flS intersecting at O (Fig. 1). 
To prove MN, PQ, and JiS concurrent. 



L. ■-■ is in line MN, it lies in plane XQ. 
i. :• O is in line BB, it lies in plane PS. 
i. .-. O, lying in planes MQ and PS, must 

lie in their intersection, PQ. 
I. .-. PQ passes through o ; i.e. mn, PQ, 

and RS are concurrent in o. q.e.d. 
II. Given MN II SS (Fig. 2). 

To prove PQ II MS and RS. 



Reasons 

1. § 603, a. 

2. § 603, a. 
•A. % 614. 





Akouhbnt 




Rbisoks 


1. 


PQ and MN are either || or not II. 


1. 


§ 161, a. 


2. 


Suppose that PQ intersects MN; then 
MN also intersects RS. 


2. 


§ 617, L 


3. 


But this is impossible, for mn II RS. 


3. 


By hyp. 


4. 


.: PQ II MN. 


4. 


§ 161, 6. 


5. 


Likewise fQ II JIS. q.b.d. 


5. 


By steps sim- 
ilai' to 1-4. 



bGooglt' 



(_ ■ ^- ■■'■ ^\i 0... 

BOOK VI 305 

>B18. gpx. , If two straight lines are petrolic to a third 
str^t^tt line, they are parallel to each otlicr. 




CUveu lines AB and CD, eacb II El'. 
To ptOVft AB II CD. 

L AB and CB ai'e either H or not II. 

J. Through AB and EF pass plane JF, and 

through CD and £F pass plane CF. 
t. Pass a third plane through AB and 

point c, as plane flC. 
I. Suppose that ^B is not II CD ; then plane 

EC will intersect plane CF in some 

line other than CD, as Cff, 
S. Then CH II £f. 
J. But CD II £r. 
r. .-. CH and CO, two straight lines in 

plane CF, are both II EF. 
i. This is impossible. 

I. .■• AB II CD. Q.E.D. 



1. § 161, a. 

2. § 613. 



5. § 617, II. 

6. By hyp. 

7. Args. 5 and 6 



9. §161,6. 



/ 



619. Def. A atraight line is perpandicular to a plane if it is 

perpendicular to every straight line in the plane passing 
through the point of intersection of the given line and plane. 

620. Def. A plane is p«tpeiidloular to a atralglit line if the 
line ia perpendittiilar to the plane. ^ 

62L Def. If a line is perpendicular to a plane, its point of 
intersection with the plane is called the foot of the petpeodlcnlar. 
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Proposition IV. Thbobem 



V/ BM If a straigM line is perpendicular to each of 
two intersecting straight lines at their point of inter- 
section, it is perpendicular to the plane of those lines. 




Oiven atr. line FBA_AB and to BC at B, and plane M2if con- 
taining AB and BC. 
To prov« FB ± plane mn. 

OuTLiBB oy Proop 

1. In plane MN draw AC; through B draw any line, as BB, 
meeting AC at H. 

2. Prolong FBta E m that BE = FB; draw AF, HF, CF, AE, 
HE, CE. 

3. AB and BC are then ± bisectors of FE ; i.e. FA s ae, 
FC = CE. 

4. Prove AAFe= AS^C; then Z ffAJ' = Z TJH. 
6. Prove Aff.if=A£^fl; then 2(r = Hr. 

6. .-.BSJ-FE; i.e. FbA.bh, any line in plane UN passing 
through B. 

7. .: FBA.MN. 

623. Cor, All the perpcndicvZara that can he dratvn 
to a straight lijie at a ^iven point in the line lie in a 
plane perpendicular to the line at the given point. 
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Peo POSITION V. Problem 

624. Through a given point to construct a plane per- 
pendicular to a given line. 



7 



U 



Oiven point P and line AB. 

To oonBtmot, through F, a plane A. AB. 

I. Coiwtructloii 

1. Through line AB and point P pass a plane, as APD (in 
Fig. 1, any plane through AB). IS 607, 610. 

2. In plane JPO construct PO, through P, X JB. §§148,149. 

3. Through AB pass a second plane, as ABC. % 607. 

4. In plane ABC, thi'ough the foot of PD, construct a.l.XoAB 
(PC in Pig. 1, DC in Fig. 2). § 148. 

5. Plane Mif, determined hy C, D, and p, is the plane required. 

II. The proof is left as an exercise for the student. 
HtKT. Apply g 627. ' ' 

III. The discussion will be given in S 625. 



Bx. U64. Tell bow to test whether or not a flag pole ia erect. 

Bx. 1163. Lines AB anA CD are each perpendicular tu line Ei 
Are AB and CD neceasarily parallel ? Explain. Do tbey necessarily li 
in the some plane ? why or why not ? 
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Proposition VI, Theobeh 



5. Through a given point there exists only o 
perpendicular to agiv^b line- 



J- f=E^ 



Fio. 1. Fio. 2. 

Olveu plane JfJ^, through />, X 'IS. 
To prove MN the only plane through P X. AB. 

Argdheht Only 

1. Either MN is the only plane through P X ^B or it is not. 

2. In JfJTdraw a line through P intersecting -line AB, as PR. 

3. Let plane determined by AB and PS be denoted by APR. 

4. Suppose that there exists another plane through P J_JB; 
let this second plane intersect plane APR in line PS. 

5. Then AB J. PR and also PS; i.e. PR and PS are X AB. 

6. This is impossible. 

7. .-. JfJT is the only plane through pX-<B. q.e.d. 

626. Qneatloii. In Fig. 2, explain why ^B± i>^. 

627. I§ 624 and 625 may be comhiued in one statement: 
Tlirough a given point there exists one and only one plane per- 
pendicular to a given line. 

628. Cor. I. The locus of all points in space equidis- 
tant from, the extremities of a straight line segment is 
tlie plane perpendicular to the segment at its mid-point. 

^9. Def. A straight line is parallel to a plane if the straight 
line and the plane cannot meet. 

630. Def. A Btraiglit line is oblique to a plane if it is neither 
perpendicular nor parallel to the plane. 

633. Def- Two pUnee are parallel if they canuQt meet, 
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Peoposition vn. Theobbh 
Two planes perpendicular to the same straight 
line are parallel. a 



7 



7 



Given planes MN and RS, each ± line AB. 

To prove MN II fliS. 

Hint. Use indirect proof. Compare with g IBT. 

Proposition VIIl. Theorem 
633. If (I plane intersects two parallel planes, the lines 
of intersection are parallel. 



Q 




Olven 11 planes MN and RS, and any plane PQ interaecting 
Jf^and AS in AB and CD, tespectively. 

To prove AB II CD. 

Hint. Show that AB and CD cannot meet. 

634. Cor. I. Parallel lines intercepted between the 
same parallel planes are equal. (Hint. Compare wiiii § 234.) 

Ex. 1166. State the converse of Prop. VIIl. la it true? 
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Proposition IX. Theobeh 



>. If two angles, not in the same plane, have their 
sides parallel respectivelj/, and lying on the same side of 
the line joining their vertices, they are egual* 




Olven Z ABC in plane MN and Z DEF in plane BS with BA 
and BO 11 respectively to ED and EF, and lying on the same side 
of line BE. 

To prore Z ABC = Z DEF. 





Arquhekt 




Rbabons 


1. 


Measure off BA = ED and BO = EF. 


1. 


S122. 


2. 


Draw AD, CF, AC, and DF. • 


2. 


§ 54, 15. 


3. 


BA II ED and BC II £f. 


3. 


By hyp. 


4. 


Then JO«S and CFEB are iI7. 


4. 


§240. 


6. 


.■.^i) = BZand CF=BE. 


5. 


§ 232. 


6. 


.■.AD=CF. 


6. 


§54,1. 


7, 


Also JD 11 BE and C/" li BZ. 


7. 


§220. 


8. 


.-. AD II Cf. 


8. 


§618. 


9. 


.-.XCfois aO. 


9. 


§ 240. 


10. 


.-. 4C= DP. 


10. 


§232. 


11. 


But SJ = ED and BC = EF. 


11. 


Arg.l. 


12. 


.-.A ABC = A DEF. 


12. 


§11-6. 


13. 


.*. Z ^8(7= Z DJ/". QE.D. 


13. 
oppo 


S 110. - ' 


Ex. 1167. Prove Prop. IX if the angles lie od 


it« Bides ot>BE. 




• It will ilK be i«n It UG) ttut tlH pluM of Uie» 


nelM 


.TBpwUW. 
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Proposition X. Tbeobeh 



If one of two parallel lines is perpendundar to a 
plane, the other also is perpendicular to the plane. 






Qkvm AB II CD and AB ± plane UN. 
To prove CD X pUae Jf^. 





Arqithbnt 




Rejlhoms 


1. 


Through D draw any Hne in plane MIT, 
asDF. 


1. 


§54,16. 


2. 


Through B draw be in plane ifiir II df. 


2. 


§179. 


3. 


Then Z ^B£ = Z co^. 


■A. 


§635. 


4. 


But Z ABE is a rt. Z. 


4. 


§619. 


5. 


.-. Z CDF is a rt. Z; i.e. CD A. DF, any 
line in plane mn through d. 


6. 


§64,1. 


6. 


.-. CD ± plane MN. "J-E-d. 


6. 


§619. 



Ex. 1168. In the Eu»;ompanying diagram AB and CD lie in the same 
plane. Angle CBA = 36", angle BCD - 36°, 
angle ABE= U0°, BE lying in plane ^N. la 
CD neceasarily perpendicular to plane MNi 
Prove your answer. 

Ex. 1169. Can a line be perpendioulat t 
each of two intersecting planes ? Prove. 

Bx. 1170. If one of two planes is per- 
pendicular to a given line, bat the other 
is not, the planes are not parallel , " 

Ex. 1171. If a straight line and a plane are each perpendionlar to the 
same straight line, the; are parallel to eacl) tittier. 
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Pbopobition XI. Problem 

637. Through a given point to construct a line per- 
pendicular to a given plane- 




„Z_^ ^ 



Oiren point P and plane Mlf. 

To oouatruft, through P, a line ± plane MN. 

I. Coiwtniotloti 

1. In plane Mlf draw any convenient line, as AB. 

2. Through P construct plane PQ J. AB. § 624, 

3. Let plane PQ intersect plane iflf in CD. § 616. 

4. In plane PQ construct a line through Pj.co, as PR. 
§§ 148, 149. 

6. PB is the perpendicular required. 





H. Proof 








Abguiibht 




Rejuonb 


1. 


Through the foot of PB (P in Fig. 1, 
fl in Fig. 2) in plane MN, draw 

EF II AB. 


1. 


sm. 


2. 


AB ± plane PQ. 


2. 


By cons. 


3. 


.: EF ± plane PQ. 


3. 


5 636. 


4. 


.: EF±PS; i.e. PS X EF. 


4. 


§619. 


6. 


Bnt PS ± CD. 


5. 


By cons. 


6. 


.: PS ± plane Mir. «.e.d. 
IIL The discussion will be given in S 63 


6. 


§622. 
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Proposition XII. Theorem 

Tkroit£h a §iven- point there exists otdy one line 
'perpendicidar to a given plot 




Oiven point F and line FA, tlivoiigh P, ± plaue MS, 
To inx>ve FA the only line through F X MN. 

ABOUHBN't Sea SONS 

1. Either PA is the only line through 1. § 161, a 

P ± MIf or it is not. 

2. Suppose there exists another line 

through P 1. UN, as FB ; then FA and 
FB determine a plane. 

3. Let this plane intersect plane MN in 3. § 616. 

line CD. 

4. Then FA and FB, two lines through P 4. § 619, 

and lying in the same plane, ai-e 
± CD. 

5. This is impossible. 5. §§62,154. 

6. .-. PA is the only line through F ± MN. 6. § 161, b. 

Q.E.D. 

639. §§ 637 and 638 may be combined in one statement as 

follows : 

Throngh a given point there exists one and only one line per- 
pendicular to a given plane. 

Ex. 1172. Find the lociia of all polnia in a plajie that are equidistant 
from two given points not lying In tbe plane. 
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Pboposition XIII. Theorem 



Two straight lines perpendicular to the same 
are parallel. ^ ^^ 



7 



Oiven str. lines AB and CD A. plane UN. 
To in'ove AB II CD. 

The proof is left as an exercise for the student. 
HmT. Suppose that ^£ knot U Ci>, bat that Houue other lioe through 
B, as BS, Ib II CD. Uae § 638. 

PEOpoaiTiON XIV, Theorem 
641. If a straight line is parallel to a plane, the in^ 
tersection of the plane with any plane passing through 
the given line is parallel to the given line. 




Given line AB II plane MN, and plane AD, through AB, inter- 
secting plane MN in line CO. 

To inove AB II CD. 

The proof is left as an exercise for the student. 

Hint. Suppose tbat AB is not II CD. Show that AB will then meet 
plane MN. 
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642. Cor, I, If a plane intersects one of two parallel 
lines, it must, if suffi- 
ciently extended, inter- 
sect the other also. 

Hint. Pass a plane through 
AB and CD aiid let it iiileraect 
plane MN in EF. Now if 3IN 
doea not intersect CZJ, but is II to 
it, then EFW CD, § «41. Apply 
% 178. 

643. Cor. H. If two in- 
tersecting lines are each 
parallel to a given ph 
parallel to the given 
plane. 

Hint. If plane MN, 
■ determined by dBand CZ), 
is not II. to plane BS, k w 



7 



the plane of these lines is 




644. Cox. m. Prob- 

lom. Through a given „ 
point to oonstrut^ : 

(a) A line parallel to a given plane. 

(b) A plane parallel to a given plane. 

Hint, (a) Let .d be a point outside of piane MN. Through A con- 
struct any plane intersecting plane MN in line CD. Complete the cou- 
Btruclion. 

645. Cor. IV. If two angles, not in the same plane, 

have their sides parallel respectively, their planes are 
parallel. 

Ex. 1173. Hold a pointer parallel to the blackboard. la its shadow 
on the blackboard parallel to the pointer ? why ? ' i 

Ex. 1174. rind the locus of all straight linea passing through a given 
point and parallel to a given plane. 
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Proposition XV. Theorem 



i. If two straight lines are parallel, a plane con- 
taining one of the lines, and only one, is parallel to 
the other. a ^ 




Given II lines AB and CD, and plane MN containing CB. 
To prove plane MS II AB. 

Arguheht 

1. Either plane JfJf is II ^Borit is not. 

2. Suppose MN is not II AB ; tlieu plane MN 

will intersect AB. 

3. Then plane »N mnst also intersect CD. 3. § 642. 

4. This is impossible, for MN contains CD. 4, By hyp. 

5. .-. plane MN II AB. q.e.d. 6. § 161, 6. 

647. Cor. I. Problem. Through agiveh line to construct 
a plane parallel to another given line. 




Hrer. Through JE, any point in CD, construct a line HK W AB. 

648. Cor. n. Problem. Through n given point to con- 
struct a plane parallel to any two given straight lines in 
space. 
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Proposition XVI. Thborem 
649. If two straight lines are intersected by three pai^ 
allfil planes, the corresponding segments of these lines 
ewe proportional. 




Given II planes MS, PQ, and SS intersecting line AB in 
i, E, B and line CD in C, H, D, respectively, 
To prova — = 



EB BD 

Argument 
Draw AD intersecting plane PQ in F. 
Let the plane determined by AHitridAD 

intersect PQ in £^ and RS in BD. 
Let the plane determined by AD and 
CC intersect PQ in FH and Jryin AC. 
.: EF II BD and fh II AC. 



Reahohs 

1. § 54, 15. 

2. §§612,616. 

3. §§ 612, 616. 

4. § 633. 

5. § 410. 



650. Cor. If two straight lines are intersected by three 
parallel planes, the lines are divided proportionally. 

Ex. 1179. If any number of linea passing through a common point 
are cut by two or more parallel planes, their correflponding segments are 
proportional. 

Ex. 1176. In l.he figure for Prop. XVi^AE^^, EB = S, .40 = 21, 
CD = 28, Find AF and HD. 



b, Google 



J 



SOLID GEOMETRY 

Proposition XVII. Theorem 
A straight line perpendicular to one of two par- 
allel planes is perpendicidar to tJie other also. 



zj 



E7 



GiTon plane MS II plane RS and line AB J. plane RS. 
To prove line AB ± plane MS. 

Abquhbnt Onlv 

1. In plane MS, through C, draw any line CD, and let the 
plane determined by AC and CD intersect plane RS in BW. 

2. Then CD W EF. 

3. BntAB^-EF. 

4. .'. AB A. CD, any line in plane MS passing through p, 

5. .-. line ab L plane MS. q.e.d. 

652. Cor. I. Through a given point there exists only 
one plane parallel to a given plane. (Hint. Apply §§ 638, 
644ft, 051,625.) 

653. §§ 6446 and 652 may be combined in one statement : 
Through a given point there exists one and only one plane 

parallel to a given plane. 

654. Cor. n. If two planes are each parallel to a third 
plane, they are parallel to each other. (Hist. See § 180.) 

655. Def. The projection of a point upon a plane is the foot 
of the perpendicular from the point to the plane. 

656. Def. The projection of a line upon a plane is the locus 
of the projections of all points of the line upon the plane. 

C,q,-Z.-dbvGOOg[C 
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Proposition XVIII. Theorem 



657. 3Tie prqfedion upon a plane of a straight line 
not perpendicular to the plane is a straight line. 




Olvui str, line AB not ± plane MN. 

To prove the projection of AB upon UN a atr. line. 



1. Througli c, any point in ab, draw CD ± 

plane Mlf. 

2. Let the plane determined by AB and CD 

intersect plane UN in the str. line EF. 

3. From B, any point in AB, draw HE, in 

plane AF, II OD. 

4. Then HE X plane MS. 

5. .-. E is the projection of B upon plane. 

Mlf. 

6. .'. SF is the projection of AB upon plane 

MN. 

7. .: the projection of AB upon plane MN 

is a str. line. q.b.d. 



£x. 1177. Compare the length ol the projection of a line upon a 
plane with the length of the line itself i 
(a) If the line is parallel to the plane, 

(6) If the line is neither parallel nor periiendicalar to the plane. 
(c) If the Una ia perpendicular to the plane. 



Reasons 

1. § 639. 

2. §§ 612, 616.' 
S. § 179. 

4. §636. 

5. § 665. 

6. §656. 

7. Args. 2 and 6. 
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Proposition XIX. Theorem 
65Bl Of all oblique lines drawn from a point to a plane : 

I. Those having equal prqjections are equal- . 
II. Those having unequal prqjections are unequal, and 
the one having the greater prqjection is the longer. 




(Hven line PO ± plant) MN and : 

I. Oblique lines PA and pb with projection OA = projec- 
tion OB. 

II, Oblique lines PA and PC with projection 0C> projec- 
tion OA. 

To prove: I. FB = PA; II. PC> PA. 

The proof i.i left as an exercise for the student, 

659. Cor. I. (Converse of Prop. XIX). Of all oblique 
linen drawn from a point to a plane : 

I. Equal oblique lines fiave equal prqfectlons. 
II, Unequal oblique lines have unequal prqjections, and 
the longer line has the greater prqjection. 

660. Cor. n. The locus of a point in space equidistant 
from all points in the circumference of a circle is a 
straight line perpendi-cular to the plane of the circle 
and passing through its center. 

66L Cor. m. The shortest line from a point to a given 
plane is the perpendicular from titat point to the plane. 

662. Def. The distance from a point to a plane is the length 
of the perpendicular from the point to the plane. 
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663. Cor. IV. Two parallel planes are everywhere 
equally distant. (Hint. See § 834.) 

664. Cor. T. If a line is parallel to a plane, aU points 
of the line are equally distant from the plane. 



Ex. 1178. In the figure of § S68, if FO = 12 inchee, PA = 15 inches, 
and PC = 20 Inches, tlnd OA and CA'. 

Bx. 1179. Find the locus of all points in a given plane wbich are at 
a given distance fromft point outside of the plane. 

Ex. 1180. By applying § 060, suggest a practical method of con- 
structing a line perpendicular to a plane ; 
(a) Tlirougli a point in the plane ; 
(6) Through a point not in the plane. 

Ex. 1181. Find a point in a plane equidistant from all points In the 
circumference of a circle not lying in the plane. 

Ex. 1182. Find the locus of all points equidistant from two parallel 
planes. 

Ex. 11S3. Find the locus of all points at a given distance d from a 
given plane MN. 

Ex. 1184. Find the locus of all points in space equidistant from two 
parallel planes and equidistant from two t)ied points. 

Ex. 1185. A line and its projection upon a plane always lie in tlie 

Ex. 1186. (a) Theacuteangle thatastraight linemalceswithitsown 
projection upon a plane is the least angle ^ 

that It makes with any line passing 
through its foot in the plane. 

(6) With what line passing through 
its foot and lying in the plane does it 
tn;ike the greatest angle ? 

Hist, (a) Measure off BD = BC. *' 
Which is greater, AD or AC? By means of § 178, prove ^ABC<ZABD. 

665 Def. The acute angle that a straight line, not perpen- 
dicular to a given plaue, makes with its own projection upon 
the plane, is called the Inclloatioii of the Un« to tha plana. 

s, line 12 Inches long upon a plane, 
e is 30° ; 46" ; 60°. 



W' 
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322 SOLID GEOMETRY 

DIHEDRAL ANGLES 

666. Defa. A dihedral angle is the figure formed by two 
planes tliat diverge from a line. The plaues forming a di- 
hedral angle are called "its faoea, and the intersection of these 
planes, its edge. 

667. A dihedral angle may be dealgnated by reading in 
order the two planes forming the angle; thus, an angle formed 
by planes AB and CD is angle AB-CD, 
and is usually written angle a-bc-D. IE 
there is no other dihedral angle having 
the same edge, the line forming the edge 
is a sufficient designation, as dihedral 
angle BC. 

66& Def. Points, lines, or p)anes 
lying in the same plane are said to be 
ooplanar. 

669. A clear notion of the magnitude 
of a dihedral angle may be obtained by imagining that its two 
faces, considered as finite portions of planes, were at first 
coplanar and that one of them has revolved abont a line com- 
mon to the two. Thus in the figure we may imagine face CD 
Srst to have been in the position of face AB and then to have 
revolved about bc as an axis to the position of face CD. 

670. Def- The plane angle of a dUiedral angle is the angle 
formed by two straight lines, one in each face of the dihedral 
angle, perpendicular to its edge at the same point Thus if 
EF, in face ab, is ± BC at f, and fh, in face CD, is X bc at **, 
then /.EFH ia the plane-.^ of the dihedral jL A-BC-D. 

Ex. 1188. All plane angles at a diheclTtil angle Hfe equal. 

Ex. 1169. Is the plane of angle EFH (S Q67) perpendicular to the 
edge J5C? Prove. State your result in the form of a theorem. 

Bz. 1190. Ih Ex. 809 true if the q^uadrilateral is a quadrilateral in 
apace, i.e. if the vertices of the quadrilateral are not all Id the eame 



1 
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€71. D«f- Two dihedral angles are adjacent if they have 
a common edge and a common face which lies between 
them ; thus Z. A-BC-D and 
Z.D^CB-B are adj. dihe- 
dral A. 

672. Def. If one plane 
meets another so as to 
make two adjacent dihe- 
dral angles equal, each of 
these angles is a right 
dihedral angle, and 
the planes are said 
to be peipendioular 
to each other. Thus 
if plane HP meets 
plane LM so that 
dihedral Ah-KL-M 
and M-LK-S are 
equal, each Z is a 
rt. dihedral /, and planes BP and LM are ± to each other. 




Zhc. 1191. By comparison with tlie definiUons of the corresponding 
terms in plane geometry, frame exact defloltions ol the following terms : 
acute dihedral angle ; obtuse dihedral angle ; reflex dihedral angle ; 
oblique dihedral angle; vertical dihedral angles; coioplementary di- 
hedral angles : supplementary dihedral angles ; bisector of a dihedral 
angle ; alternate interior dihedral angles ; corresponding dihedral angles. 
Illustrate as many of these aa you can with an open book. 

Bx. 1192. If one plane meets another plane, the sum of the two 
adjacent dihedral angles is two right dihedral angles. 

Hint. See proof of §65. 

Ex. 1193. If the sum of two adjacent dihedral angles is equal to two 
right dihedral angles, their exterior faces are coplanar. 

Hint. See proof of g 76. 

Ex 1194. If two planes intersect, the vertical dihedral angles are 

Hint. See proof of g 77. 
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Proposition XX. Theorem 

equal, their plane 



673. If two dihedral angles 
angles are equal. 



Olven two equal dihedral A BC and £'& whose plane A a 
A UNO and m'N'o', respectively. 
To prove /I M!fO = Z. Stlf'o'. 



1. Superpose dihedral Z BC upon its equal, 

dihedral Z B'c", so that point If of 
edge BC shall fall upon point n' of 
edge B'c". 

2. Then Mlf and Vif*, two lines in plane 

AB, are ± BC at point 2f. 

3. .". Jtf^ and itx' are collinear. 

4. Likewise NO and Jf'o' are collinear. 

5. .-.Z MifO = Z M'y'o'. QE.n. 



Reasons 
1. § 54, 14. 



3. § 62. 

4. §§ C70, 62. 

5. § 18. 



674. Cor. I. The plane angle of a 
i« a right angle. 



"Ight dihedral angle 



675. Cor. n. If two intersecting planes are each per- 
pendicular to a third plane, their intersections with tJie 
third plane intersect each other. 
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Olven planes AB 
and CD J. plane My 

and intersecting each 
other in line Z>£; also 
let AE and FCbe the 
intersectionsof planes 
AB and CO with plane 

MN, 

To prove that J£ 

and FC intersect each 
other. 

Ahouuent 

1. Either AE II FC or AE and J-C intersect 

each other. 

2. Suppose AE II J'C. Then through H, any 

point in BB, pass a plane HKL X FC, 
intersecting FC in iT and AE in i. 

3. Then plane HEL is ± AE also. 

4. .'. Z HEL is the plane Z of dihedral Z 

*'(7, and Z ifLH is the plane Z o£ di- 
hedral Z J£. 

5. But dihedral A FC and AE are rt. dihe- 

dral A. 

6. .-.^flxiand iTLffare rt. A 

7. -■. A BEL contains two rt. A. 

8. But this is impossible. 

9. .'. .^B and FC intersect each other, q.e.d. 



S636. 
§670. 



S674. 
Arg. 6. 
§206. 
§ 161, 6. 



Ex. 1195. Find the locus of all points equidistant from two given 
points In space. 

Bx. 1196. Find the locus of all points equidistant from three given 
points in space. 

Ex. 1197. Are the supplements of equal dihedral angles equal? 
complements ? Prove your answer. 

Ex. 1196. If two planes are each perpendicular to a third plane, 
can they be parallel to each other? Explain. It they ate parallel to 
each other, prove their intersections vritli the third plane parallel. 
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Proposition XXI. Tueobeh 

(Converse of Prop. XX) 

676. If the plane angles of two dihedral angles are 
equal, the dihedral angles are equal. 



OlvM) two dihedral A BC and B'c' whose plane A UNO and 
M'n'o' are equal. 
To prove dihedral Z. BC = dihedral Z B'c'. 



1. Place dihedral Z BC upon diliedial 

A B'c" so that plane A UNO shall be 
superposed upon its equal, plane 
A M'N'O'. 

2. Then SO and sV are both ± UN and 

NO at N. 

3. .-. BC and ^C" are both J. plane UNO 

at Jf. 

4. ,-. BCand ^C' are collinear. 

6. .-. planes JB and a'b", determined by 
MN and BC, are coplanar ; also planes 
CD and C'd', determined by BC and 
NO, are coplanar. 

6. .-. dihedral ABO= dihedral A b'c". 

Q.E.D. 



ROAaONB 

§ 54, 14. 



2. §670. 

3. S 622. 



4. § 638. 

5. §612. 



6. S 18. 
3b,Googlt' 



677, Cor. If the jilane angle of a dihedral angle is a 
right angle, the dihedral angle is a right dihedral 



a trauEcetsal plane, 



Br. 1199. Prove Es. 1194 by applying § 676. 

Bz. 1200. If two parallel planea are cut 
alternate interior dihedral angles are equal. 

Hint. Let /.ABC be the plane Z. of 
dihedral A V-WX-Y. Let the plane 
determined by AB and BC intersect plane 
MN in CD. Then AB and CD lie in 
the same plane and are II (g 683). Prove 
that ^ DCB ia the plane / of dihedial 

zM-zr~x. 

Bx. 1201. State the converae of Ex. 
1200, and prove it by the indirect method. 

Bx. 1202. If two parallel planes are 
cut hy a tranaveraal plane, Uie correspond- 
ing dihedral angles are eq^uai. (Hint. See proof of § 190.) 
' Bx. 1203. State the converse of Ex. 1202, and prove it hy tl 
method. 

Bz. 1204. It two parallel planes are cut by a transversal plane, the 
sum of the two interior dihedral angles on the same side of the transversal 
plane is two right dihedral angles. (Hint. See proof of g 102.) 

Ex. 1205. Two dihedral angles whose faces are parallel, each to each, 
are either equal or supplementary dihedral angles. (Hint. See proof of 
% IflS.) 

Bz. 1206, A dihedral angle has the same numerical measure as its 
plane angle. (Hint. Proof similar to that of § 368.) 

Bx. 1207. Two dihedral angles have the same ratio as their plane 




e Indirect 



1 equidistant from three given 



Bx. 1208. Find a point ii 
points not lying in the plane. 

Bz. 1209. If a straight line intersects one of two parallel planes, it 
must, if sufficiently prolonged, intersect the other also. (Hint. Use the 
indirect method and apply §§ 663 and 664.) 

Ex. 1210. If a plane intersecie one of two parallel planes, it roust, if 
sufficiently extended, interact the other also. (Hint. Use the indirect 
method and apply § 652.) 
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Proposition XXII. Theorem 

V 678. If a, straighi line is perpendicular to a plane, 
every plane containing this line is perpendicidar to the 
given plane. 



-r 


— 1 

AT 


/A—m — 

/ si 


J,/ 


' pl 1 


J 



aiven Btr. line AB X plane MS and plai 
AB and intersecting plane if^ in CD. 
To prove plane FQ J. plane MN. 



i PQ containing line 



1. AB J. CD. 

2. Through B, in plane MN, draw BE ± CV. 

3. Then Z ABE is the plane Z of dihedral 

Z Q-CD-M. 

4. But /Labs is a rt. Z. 

5. .'. dihedral / Q-cu-M '\s a rt dihedral 

Z, and plane FQ ± plane M2f. a.E.o. 



§619. 
. §677. 



Bx. 1211. If from the foot of a per- 
pendicular to ft plane a line is drawn at 
right angles Vo any lino in tlie plane, Che 
line drawn from the point of intersec- 
tion so formed to any point in the per- 
pendicular IB perpendicular to the line of 
the plane. 

HiHT. Make KE = EH. Prove AK = AH, and apply § 142. 

Ex. 1212. In the figure of Ex. 1211, it AB = 20, BE = 4 VTl, and 
EK=10, find AK. 
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Proposition XXIII. Theorem 

//■ two planes are perpendicular to each other, 
any line in one of them, perpendicular to their intersec- 
tion, is perpendicular to the other. 



I 1 1 



Given plane P(J J. plane UN, CD their line of interBection, 
and All, in plane PQ, J. CD. 
To proTS AB A. plane Mif. 



Through B, in plane J/^, draw SB ± CD. 
Then Z ABB is the plane Z of the rt, 

dihedral Z Q-CD-M. 
.: Z ABE is a rt. Z, and AB ± BE. 

But AB ± CD. 

.-. AB J. plane MN. q.e.d. 



1. §63. 

2. §670. 



4. By hyp. 

5. §622. 



680. Cor. If two planes are perpendicular to each 
other, a line perpendicular to one of them at any point 
in their line of intersection, lies in the other. 

Hint. Apply tbe indirect method, using §g fl7H and 638. 

£^. 1213. If a plane is perpendicular to the edge of a dibedrol angle, 
is it perpendicular to each of the faces of tlie dihedral angle ? I'rove your 

Ex. 1214. Tbe plane containing a straight line and its projection 
upon a plane is perpendicular to the given plane. 

Eix. 1215. It two planes are perpendicular to each other, a line per- 
pendicular to one of tlium from any point In tbe other lies in the other 
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Proposition XXIV. Theorem 
681. If each of two intersecting planes is perpendicu- 
lar to a third plane ; 

I. Their line of intersection intersects the third plane. 
II. Their line of intersection m perpendicular to the 
third plane. „ 



[jmj 



OireD planus PQ aud RS X plane MN and interseoting each 
otliet in line AB. 

To prove : I. That AB intersects plane MN. 
II. AB J. plane JfJf. 



1. Let planes PQ and £S intersect plane mn in 

lines PD and RB, respectively. 

2. Then pd and RB intersect in a point as C. 

3. .-. AB passes through C; i.e. AB intersects 

plane xy. q.e.d. 

II, Abqumbht 

1. Either AB ± plane J/iir or it is not. 

2. Suppose AB is not J. plane Jf^, but that some 

other line through c, the point common to 
the three planes, is J. plane MX, as line CF. 

3. Then CF lies in plane FQ, also in plane RS. 

i. .-. CF is the intersection of planes PQ and RS. 
5. .■. planes PQ and RS intersect in two str. lines, 

which is impossible. 
-fe. .'. AB ± plane Mlf. q.e.». 



RSASOVB 

1. §616. 



2. §075. 

3. S 617, I. 



3. §680. 

4. S614. 

5. §616. 
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Proposition XXV. Probleu 
682. Through any straight line, not perpendicidar to 
a plane, to construct a plane perpendicular to the given 
plane. 




Oiven line AB not ± plane US. 

To ooiutruot, through AB, a plane J. plane MS. 

The construction, proof, and discussion are left as s 



exer- 



cise for the student. 

Hint. Apply § 078. For discussion, see § 683. 

683. Cor. Through a straight line, not perpendieUlar 
to a plane, there exists only one plane perpendicular to 
the given plane. 

Hint. Suppose there ehould exist anotlier pliLue through AB J. plane 
MS. What would you know about AB ? 

684. §§ 682 and 683 may be combined in one statement as 
follows r 

Through a straight tine, not perpendicular to a plane, there 
exists one and only one plane perpendicular to the given plane. 

Ex. 1216. Apply the truth of Prop. XXIV : (a) to the planes that 
intersect at Che comer of a room ; (6) to the planes formed by an open 
book placed perpendicular to the top of the desk. 

Vx. 1217. If a plane is perpendicular to each of two intersecting 

planes, it is perpendicular to their intersection. 
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SOLID GEOMETllY 

PaoPosiTiOfJ XXVI. Problem J-^ 

15. To construct a common perpendicular to any two 
'straight lirtea in space. 



Olvan AB and CD, any two atr. lines in space. 
To ootutruot a line J. both to AB and to CD. 

I. Cotubnctioii 

1. Through CD construct plane MN II ab. § 647. 

2. Through AB construct plane AF 1. plane ifJf iuteraeeting 
XN in EF, and CD in H. § 682. 

3. Through H construct HK, in plane AF, A. EF. § 148. 

4. HK is J. to both AB and CD and is the line required. 



II. Proof 



1. AB II iplane MN. 

2. .-. EF II AB. 

3. But HE ± EF. 
i. -■- HK ±AB. 

5. Alsoaff ± plane JTAT, 

6. .-. flff± CD. 



Bbasonb 
, By cons. 

§641. 
. By cons. 

§193. 

§679. 

§619. 

Args. 4 and 6 



7. .■. HK J. to both AB and CD. q.e.d. 

III. The discussion will be given in § 686. 

686. Cor. Between two straight lines in space {not 
in tlie same plaTie) there exists only one common per- 
pendicular. 
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Hint. SnppoHB XY, in figure of § 685, a Becood J. to AB and CD. 
Through Y draw ZW II AB. What ia the relation of XT U> AB? to 
ZIT? toCi)? to plane JfiV? Through X draw XB ± J^. What in 
the relation of XB to plane MN? Complete the proof. 

687. §§ 685 and 6S6 may be combined in one statement as 
follows ; 

Between two straight lines in space (not in th^ same plane) 
there exists one and only one common perijendicular. 



Bx. 1218. A room is 20 feet long, 16 feet wide, and 10 feet high. 
. Find the length of the shortest line tbat can be drawn on Qooi and walls 
from a lower comer to the diagonally opposite comer. Fintf the length of 
the line that extends diagonally across the floor, then along the mterseo- 
tion of two walls to the ceiling. 

Ex. 1219. If two equal lines are drawn from a given point to a given 
plane, the inclinations of these lines to the given plane are equal. If two 
unequal lines are thus drawn, which has the greater Inclination ? Prove. 

Ex. 1220. The two planes delermined by two parallel lines and a 
point not in their plane, intersect In a line which is parallel to each of the 
given parallels. 

Ex. 1221. If two lines are parallel, their projectJons on a plane are 
either the same line, or parallel lines. 

Ez, 1222. If each of three planes is perpendicular to the other two : 
(a) the interaection of any two of the planes is perpendicular to the third 
plane ; (6} each of the three lines of intersection is perpendicular to the 
other two. Find an illustration of this eieroise in the classroom. 

Ex. 1223. If two planes are parallel, no line In the one can meet 
any line in the other. 

Ex. 1224. Find all points equidistant from two parallel planes and 
equidistant from three points : (a) if the points lie in neither plane ; 
(6) if the points lie in one of the planes. 

Bz. 1225. Find all points equidistant from two given points, equi- 
distant from two parallel planes, and at a given distance d from a third 

Ex. 1226. If each of two intersecting planes is parallel to a given 
line, the intersection of the planes ia parallel to the line. 

Bx. 1227. Construct, through a point in space, a straight line that 
shall be parallel to two intersecting planes. 
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Proposition XXVII. Theorem 
688>. Every point in the plane that bisects a dihedral 
mjle is equidistant from the faces of the angle. 



OlTen plane BE bisecting the dihedral ^ formed by planes 
AC and CD ; also PS and FK Js from F, any point in plane BS, 
to fac^ AC and CD, respectively. 

TopiOT« FH=PK. 



Through FH and FK pass plane MN 
intersecting plane AC in CB, plane 
CD in CK, plane be in PC, and edge 
BC in C. 
. Then plane UN ± planes AC and CD; 
i.e. planes J(7 and CD are ± plane ifJT. 
. .-, BC ± plane M2f. 
, .-. BC± Cff, CP, and Cff. 
. .-. Afcb and ffCP are the plane A of 
the dihedral A B-BC^A and d-Cb-B. 
But dihedral /^ £-s0-J = dihedral 

Z. D-CB-E. 
.: ZFCH=sZKCF. 
Aim PC = PC. 

, .-.It. APCR= Tt. A KCP. 

. .-. Pir= FK. Q.B.D. 



2. §678. 

3. §681,11. 

4. § 619. 

5. § 670. 

6. By hyp. 

7. §673. 

8. By iden. 

9. § 209. 
10. S 110. 
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689. Cor. I. Every point equidistant from the two 
faces of a dihedral angle lies in the plane bisecting the 
angle. 

690. Cor, n. The plane bisecting a dihedral angle is 
the locus of all paints in space equidistant from the. 
faces of the angle. 

69L Cor. m. Froblem. To construct the bisector of a 
given dihedral angle. 



Ex. 1228. Prove thai a dibednil angle can be biaeoted by oiil;r one 
plane. 

Hint. See proof of § 689. 

Xtz. 1229. Tiud the locus ot all points equidistant from two inter- 
secting planes. Of hovr many planes does this locns consist ? 

Ex. 1230. Find the locus of all points in space equidistant from two 
inteisecting lines. Of bow many planes does this locus consist ? 

Bz. 1231. Find the locus of all points in space equidistant from two 
parallel lines. 

Ex. 1232. Find Uie locus of all points In space equidistant from two 
intersecting planes and equidistant from all points in the circumference 
of a circle. 

Ex. 1233. Find the locns of all points in space equidistant from two 
intersecting planes and equidistant from two fixed points, 

Bz. 1234. Find the locus of all points in space equidistant from two 
intersecting planes, equidistant from two parallel planes, and equidistant 
from two fixed points. 

Bx, 1233. If from any point within a dihedral angle Ibes are drawn 
perpendicular to the faces of the angle, the angle formed by the perpen- 
diculars is supplementary to the plane angle of the dibedr^ angle. 

Ex. 1236. Given two points, P and Q, one in each of two intersecting 
planes, M and JV. Find a point X in the intersection of planes JIf and AT 
such that PX+XQ Is a minimum. 

Wir 1237, Given two points, P and Q, on one side of a given plane 
MIf. Find a point X In plane MN such that PX+XQ shall be a 



HiHT. See Ex. 1T5. 
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POLYHEDRAL ANGLES 



692- Def. A polyhedral angle is the figure generated by & 
moving straight line segment that continually intersects the 
boundary of a fixed polygon and one extremity of which is a 
fixed point not in the plane of the given polygon, A poly- 
hedrll angle ia sometimes called a solid angle. 

693. Defa. The moving line is called the y < ■ 
generatrix, as l^A ; the fixed polygon is called a 

the dlteotrix, as polygon ABCDE; the fixed y^^ 

point is called the vertex of the polyhedral- /Vx\ 

angle, as r. jLi • \\ 

694. DefB. The generatrix in any position j/.jM?\ \ 
is an element of the polyhedral angle ; the /\/ Vz\ 
elements through the vertices of the poly- g'h J f 
gon .are the edges, aa VA, FB, etc.; the • \ 
portions of the planes determined by the 

edges of the polyhedral angle, and limited by them are the 
faces, as AVB, BVC, etc.; the angles formed by the edges are 
the faoe anglea, as A AVB, BVC, etc.; the dihedral angles 
formed by the faces are called the dihedral angles of the poly- 
hedral angle, as dihedral A VA, VB, etc. 

695. Def. The fa«e angles and the dihedral angles taken 
together are sometimes called the paita of a polyhedral angle. 

696. A polyhedral angle may be designated by a letter at 
the vertex and one on each edge, as V-abcde. If there is no 
other polyhedral angle having the same vertex, the letter at 
the vertex is a sufficient designation, as V. 

697. Def. A oonvex polyhedral angle is a polyhedral angle 
whose directrix is a convex polygon, i.e. a polygon no side of 
which, if prolonged, will enter the polygon; as V-ABCDE. In 
this text only convex polyhedral angles will be considered. 

696. Defs. A trihedral angle is a polyhedral angle whose 
directrix is a triangle ((ri'-gou) ; a tetrahedial angle, a polyhe- 
dral angle whose directrix is a quadrilateral ((etra-gou) ; etc. 
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699. Defa. A trihedral angle is called a reotaiiKnlar, tOno- 
tan pilar, or trlrootanBular trihedral angle accoi'ding as it contains 
one, two, or three right dihedral angles. 

700; Def- An isoaoelw trihedral angle is a trihedral angle 
having two face angles equal. 



Ex. 1236. By holding an open book perpendicular to the desk, illus- 
trate bireotangular and tri rectangular trihedral angles. By [docing one 
face of the open book on top of the deak and the other face alongthe side 
of the desk against the edge, illustrate a rectangular trihedral angle. 

Ex. 1239. Is every birectangular trihedral angle isosceles ? Is every 
isosceles trihedral angle birectangular ? 



701. From the general definition of equal geometric figures 
(§ 18) it follows that: 

Two polyhedrul angles are equal if they can be made to coincide. 

Proposition XXVIII. Theorem 

702. Two trihedral angles are equal ; 

I. If a face, angle and the two adjacent dihedral an- 
gles of one are equal respectively to a face angle and 
the two adjafCent dihedral angles of the others 

II. If two face angles and the included dihedral 
angle of one are equal respectively to two face angles 
and the included dihedral angle of the other: 
provided the equal parts are arranged in the same order. 

The proofs are left as exercises for the student. 

703 QaestlouB. Compare care- 
f u y h rd ng of I above and the 
a pany g figures with the wording 

and fi ea 3 105. What in 1 takes 
th a e A n § 105 P aide ? adj. J ? 
W a h accompanying figure, eor- 

resi>onds to A ABC in the proof of 
g la'i? A DEF? A01 DF^ point 
A? point C? If these and similar changes are made in the proof of 
§ 106, will it serve' as a proof of I above ? Compare II above with % 107. 
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Pbopobition XXIX. Theorem 

704. Two trihedral angles are equal if the three faee 

angles of one are equal respectively to the three face 

angles of the other, and the equal porta are arranged in 

the same order. 





Given trihedral A F-JBC and V-A'^C', Z AVB = dA'VB^, 

Abvc= £ B'v'c', Z CVA = Z. c'v'a', andtheec[ual face angles 
arranged in the same order. 

To prove trihedral Z F-JBC= trihedral Z V'~A'^C', 

Oetline of Proof 

1. Since, by hyp., any two face A of f-ABC, as A AVB 
and BVC, are equal, respectively, to the two norrfegponding face 
A of y'-A'b'C', it remains only to prove the included dihe- 
dral A VB and v'B' equal. § 702, II. {See also § 705.) 

2. Let face A avb aud BVC be oblique A; then from any 
point E iu VB, draw ED and SF, in planes AVB and BVC, respec- 
tively, and Ji KB. 

3. Since A AVB and BVC are oblique A, ED and EF will 
meet VA and VC in D and F, respectively. Draw FD. 

4. Similarly, lay off v'E' = VE and draw A D'f^F'. 

5. Prove rt. A DFS=rt. AoVx'; then ra=F'D', .Ei)=.B'i)'. 
6: Prove rt. AEVF=\t. A^'r'p'; then py= F'f , EF=Sfg*. 

7. Prove A FVD = A F'V'D' ; then FD = f'd'. 

8. .■.Adef = Ad'E'F'; then a DEF = a d's'f: 
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9. But S DEF and D'S'F' are the plane A of dihedral A YB 
and Vb', respectively. 

10. .-. dihedral L7B = dihedral Z Vb'. 

11. .-. trihedral Z V-ABC = trihedral Z V'-A'B'ff. q.e.d. 

705. Note. If all the face A are rt. A, show tbat all the dihedral A 
are rt. dihedral A and bence tbat all are equal. If two face J of a tribe- 
dral /. are rt. A, sbow that, the third face Z is the plane Z. of the included 
dihedral Z, and hence that two homologous dihedral A^ as VS and V'B', ■ 
are equal. It remaioa to prove tlial Prop. XXIX in true if only one face Z 
o£ the first trihedral Z and its homologooa face Z of the other ara rt. A, 

' or if alt face A are oblique. 

706. QuesUoiu. State the proposition in Bk. I that corresponds to 
§ 704. What was the main step In the proof of that proposition ? Did 
thai correspond to proving dihedral Z FB of § 704 = dibedral Z VB' ? 

707. Def. Two polyhedral angles are said to be sjm- 
metilcal if their corresponding parts are equal but arranged in 
reverse order. 

By making symmetrical polyhedral angles and comparing 
them, the student can easily satisfy himself that in general 
they cannot he made to coincide. 

708. Def, Two polyhedral angles are said to be vertical 
if the edges of each are the prolongations of the edges of the 
other. 

It will be seen that two vertical, like two symmetrical, poly- 
hedral angles have their corresponding parts equal but 
arranged in reverse order. 
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■"" Pkoposition XXX. Theorem 

709. Two trihedral angles are symmetrical: 

I. If a face an^e and the two adjacent dihedral an- 
gles of one are equal respectively to a face angle and 
the two adjo/oent dihedral angles of the other; 

II. If two face angles and the included dihedral 
angle of one are equal respectively to two face angles 
and the included dihedral angle of the other; 

III. If the three face angles of one are equal respec- 
tively to the three fare angles of the other: 

provided the equal parts are arranged in reverse order- 



The proofs are left aa exercises for the student. 

Hint, Let V and V be the two trihedral d with parts equal 1 
arranged in reTerse order. Construct trihedral Z V" symmetrical to 
Then wlat will be the relation of V" to F' ? of F' to V? 



Xb:. 1240. Can two polyhedral angles be symmetrical and equal ? 
vertical and equal ? Bymmetrical and vertical ? If two polylicdral angles 
are vertical, are they necessarily symmetrical ? if Bymmetrical, are the; 
necessarily vertical ? 

Bz. 1241. Are two trirectangular trihedral angles necessarily equal ? 
Are two hi rectangular trihedral angles equal ? Prove your answers. 

Ex. 1242. If two trihedral angles have three face angles of one equal 
reHi)ectively to three face angles of the other, the dihedral angles of the 
Si8t are equal respectively to the dihedral angles of the second. 



i,vGoog[c 



Proposition XXXI. Theorem 
710. The sum of any two f<ice angles of a trihedral 
angle is greater than the third face angle. 



Olven trihedral Z 7~ABC in which the greatest 
Z is J ¥B. 

To prove /. BVC + Z CFA > Z. AVB. 



1. In fare avb draw FD making Z Dr£ = ZBVC, and 
through D draw any line intersectin},' f'A in E and YB in F. 

2. On vc lay off FO = VD and draw'^ff and QE. 

3. Prove A FVO = A DVF; then FG = FD. 

4. But FS + QE > FB + DE; .-. a£ > BE. 

5. In & OFE and SFD, prSv ^ ■ j^ ''^ > Z gFD. 

6. But ZFro = ZOFF. 

7. .-. Z JTO -f Z GTE > Zsri) + Z W4;f ; 

f.e. Z BFC + Z OF^ > Z AVB. V t).E.D. 

7U. Qneatlon. Stale the theorem in Bk, I thaf^orreiipuudB to 
Prop. XXXI. Can that theorem be proved by a method similar to the 
one tued here 7 If so, give the proof. 



Ex. 1243. If,mtrihedra!an^er-.^BC.angle.BFO = 60",andangle 
CVA = 80°, make a statement as to tlie number of degrees In angle AVB. 

Ex. 1244, Any face angle of a trihedral angle is greater than the 
difference of Uie other two. 
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Proposition XXXII. Theorem 

712. The sum of all the face angles of any amvex poly- 
hedral angle is less than four right angles- 



CUvBit polyhedral Z V with n faces. 

To prove the sum of the face A ai. V Z. A ri. A. 

Hint. Let a plane intersect the edges of the polyhedral Zia A, B, C, 
ele. From 0, any point in polygon ABC . . ., draw OA, OB, OC, etc. 
How many & have their verticea at V? at 0? What is the sum of 
all Ihe A of all the & witli vertices at V9 at ? Which is the greater, 
ZASr+ Z VBC or Z ABO + Z 0BC1 Then which is the greater, the 
8iim of the base ^ of A with vertices at V, or the sum of the base .1 of & 
with vertices at 7 Then which is greater, the stiiu of the face A about 
F, or the sum of the A about O ? 

7X3. QuOBtloii. Is there a propowtJon in plane geometry corre- 
sponding to Prop. XXXII? If so, state it. If not, state the one that 
most nearly corresponds to it. 

Ex. 1245. Can a polyhedral angle have for its faces three equi- 
lateral triangles? four? five? six? 

Bz. 1246. Can a polyhedral angle have for Its faces three squares ? 
four? 

Ex. 1247. Can a polyhedral angle have for its faces three regular 
pentagons? four? 

Ex. 1248. Show that the greatest number of polyhedral angles that 
can possibly be formed with regular polygons aa faces is five. 

Ex. 1249, Can a trihedral angle have for its faces a regular decagon 
and two equilnteral triangles ? a regular decagon, an equilateral tri- 
angle, and a square ? two regular octagons and a square ? 
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POLYHEDRONS 

714. Def. A surface is said to be cloaed if it separates a 
finite portion of space from the remaining space. 

713. Def. A BoUd closed figure is a figure in space composed of 
a closed surface and the finite portion of space bounded by it. 

Tlfi. Def. A polyhedron is a solid closed figure whose 
bounding surface is composed of planes only. 

717. Defn. The intersections of the 
bounding planes are called the edges; 
the intersections of the edges, the 
vertlOM; and the portions of the 
bounding planes bounded by the edges, 
the faces, of the polyhedron. 

715. Def. A diagonal of a polyhe- B 
dron is a straight line joining any two 
vertices not in the same face, as ab. 

719. Defa. A polyhedron of four Polybedt^n 

faces is called a tetraliedron; one of six faces, a bexaliedroD ; 
one of eight faces, an ootahedrou; one of twelve faces, a do- 
deoabedron ; one of twenty faces, an ioosaliedron ; etc. 

Ex. 1250. How many dia^naJH has a l«tra.hedrOD ? a hexahedrOD ? 

Ex. 1251. What ia the least number ol faces that a, polyhedron can 
have ? edges ? vertlcee ? 

Ex. 1252. How many edges has a tetrahedron ? a hexabedron 7 an 
octahedron ? 

Bk. 13S3. How many vertices has a tetrahedron? a hexahedron? 
an octahedron ? 

Ex. 1254. If E represents the number of edges, F the nDinber of 
faces, and V the number of vertices in each of the polyhedrons mentioned 
In Gza. 1252 and 1253, show that in each case E+ 2 = V+F. This 
result Is known as Enler's theorem. 
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Bx. 1255. Show that in a Vtrahedron S= (V-2) i right angles, 
where S is tbe sum of the face angles and V is the number ol vertices. 

Bx. 1256. Does the formula, 5= (F— 2) i right angles, hold for 
a heiahedron ? an octahedron ? a dodecahedron ?' 



720. Def. A regular polyhecUon ia a polyhedron alt of 
whose faces are equal regular polygons, and all of whose polyhe- 
dral angles are equal. 

721. Qneatioiu. How many equilateral triangles can meet to fonn 

A polyhedral angle (§ 712) ? Then what isthe greatest number of regular 
polyhedrons possible having equilateral triangles as faces ? What is tbe 
greatest number of regular polyhedrons possible having squares aa faces ? 
having regular pentagons as faces ? Can a regular polyhedron have as 
faces regular polygons of more than five sides ? why ? What, then, is 
the masimum number of kinds of regular polyhedrons possible ? 

722. From the questions in § 721, the student has doubtless 
drawn the conclusion that not more than five kinds of regular 
polyhedrons exist. He should convince himself that these 
five are possible by actually making them from cardboard as 
indicated below : 




Tetrahedron Hexahedron Octah^roa Dodecahedron Icosahedron 
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723. HiatoricM Note. The PyUtagoreana knew tliat there were 
five I'egular polyhedions, but it vias Euclid wlio proved tliat there can be 
only Jive. Uippaaus (dre, 470 u.c), wlio discovered the dodecahedron, ia 
said to bave been drnwnoil for announcing his discovery, as the Pythago- 
reans were pledged to refer the glory of any new discovery " back to the 
founder." 

PRISMS • 

724. Def. A prismatic aiuface is a surface, generated by a 
moving straiglit line lliLit cwilinually intei-secta a fixed broken 
Hue and remains 1)3^1161 to a fixed straight line not coplanar 
with the given broken line. g 



PriBin Prismatic Surface 

725. Def". By referring to § 693, the student may give the 
"definitions of geneiatriz and directrix of a prismatic surface. 

Point these out in the figui-e. 

726. Def. A priam ia a polyhedron whose boundary consists 
of a prismatic surface and two parallel planes cutting the 
generatrix in each of its positions. 

727. Defa. The two parallel plane sections are the baaea of 
the prism, as ABCDB and FOHKL; the faces forming the pris- 
matic surface are the lateral faces, as AG, BH, etc.; the inter- 
sections <ff the lateral faces are the lateral edgea, as AF, BG, et«. 

In this text only prisms whose bases are convex polygons 
will be considered. 

• This lrealni»nl of i>ri«m» «n<l pyriunLdi Is glTen becauw of Its sHullarity lo tbe iPMt- 
mentofsyllDdenuidcaDasglvanlli ig eiO-S:!^ uid SII7-IM. 
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728. I>«f. A tight aeoUon of a prism is a section formed hj 
a plane which is perpendicular to & lateral edge of the prism 
and which cuts the lateial edges or the edges prolonged. 





Right Priam Regular Priam Oblique rrlem 

729: Def. A right piistn is a prism whose lateral ec^es are 
perpendicular to the bases. 

730. Def. A regular prism is a right prism whose bases are 
regular polygons. 

731. Def. An oblique prism is a prism whose lateral edges 
are oblique to the bases. 

732. Defs. A prism is triangular, quadrangular, etc., accord- 
ing as its bases are triangles, quadrilaterals, etc. 

733. Def. The altitude of a prism is the perpendicular from 
any point in the plane of one base to the plane of the other base. 

734. The following are some of the properties of a prism ; 
the student should prove the correctness of each : 

(a) Any two lateral edges of a prism are parallel. 

(b) The lateral edges of a prism are equal. 

(c) Any lateral edge of a right primti is equal to the altitude. 

(d) Tlie lateral faces ofapriam are parallelograms. 

(e) The lateral faces of a right prism are rectangles, 

(f) Tlie bases of a prism are equal polygons. 

(g) TJie sections of a prism made by two parallel planes cutting 
all t/ie lateral edges are equal polygons. 

(k) Every section of a prism made by a plane parallel to the 
base is equal to the base, 
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PROPOSITIO:^ I. TiTEOREH 

735, Two prisms are equal if three f<wes including a 
trihedral angle of one are equal respectively, and simi- 
larly placed, to three faces including a trihedral angle of 
tJie other. 





Gi-ven prisms AI and A'l', face A7= face a'j', face J0= face 
A'g', face AD = face a'd'. 

To prove prism AIs= prism A't. 



1. A BAF, FAE, and BA E are equal, respec- 

tively, to A b'a'f', f'a'e', and b'a'e'. 

2. .-. trihedral Z J = trihedral Z A'. 

3. Place prism AI upon prism A'l* so that 

trihedral Z. A shall be superposed 
upon its equal, trihedral Z. A'. 

4. Faces AJ, AG, and ad are equal, re- 

spectively, to faces a'j', ^'o',and A'd'. 

5. .■. J, F, and a will fall upon j", F', and 

O', respectively. 

6. CB and c'h' are both || BO. 

7. .'. CHand C'fl'arecolliuear. 

8. .-. Swill fall uponfl'. 

9. Likewise I will fall upon f. 



10. 



. prism ^7= prism ^'J*. 



Reasons 
1. § 110. ■ 



2. § 704. 

3. § 54, 14. 



4. By hyp. 

5. §18. 

G. S 734, a. 

7. § 179. 

8. § COS, b. 

9. By steps sim- 

ilar to 6-8. 

10. § 18. 
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736. Def. A tnmoated ptism is the portion of a prism i 
eluded between the base and a. section of the 
prism made by a plane oblique to the base, 
but -wMch cuts all the edges of the prism. 

737. Cor. I. Two trurt-cated prisina 
are equal if three faces ineluditig a 
trihedral angle of one are equal re- 
spectively to three faces including a 
trihedral angle of the other, and the 
fo/ces are similaHy placed. 

738. Cot. H. Two right prisms are equal if tt.e 
equal bases and equal altitudes. 




Ex. 1257. Two triangular prisma are equal it their lateral faces are 
equal, each to each. 

Bx. 1258. Classify tlie polybedrona whose faces are x (a) four tri~ 
angles ; (&) two triangles and three parallelogramB ; (c) two quadri- 
laterals aud four parallelc^rams ; (d) two quadrilaterals and four 
rectangles ; (e) two squares and four rectangles. 

Ex. 1239. Find the sum of the plane angles of the dihedral angles 
whose 'edges are the lateral edges of a triangular prism ; a quadrangular 
prism. (Hint. Draw a rt. section of the prism.) 

Ex. 1260. Every section of a priam made by a plane paraUel to a 
lateral edg^is a parallelogram. 

Ex. 1261. Every section of a prism made by a plane parallel to a 
lat«ral face is a parallelogram. 

Ex. 1262. The section of a parallclopiped made by a plane passing 
through two diagonally opposite edges Is a parallelogram 




Oblique Paiallelopiped Bight Paialleloplped Rectangular 
Parallelopiped 
739. Def. A parallelopiped is a prism whose bases : 
parallelograms. 
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740. Def. A light paralleloidped is a pajallelopiped whose 
lateral edges are perpendicular to the bases. 

7U. Def. A rectangular parallelopiped is a right parallelo- 
piped whose bases are rectangles. 

742. Def. A cube (t'.e. a regular hexahedron) is a rectangu- 
lar paiallelopiped whose edges are all equal. 

743. The following are some of the properties of a parallel- 

opiped i the student should prove the correctness of each: 
(o) All ike faces of a parallelopiped are parallelograms. 

(b) All the faces of a rectangular paralldopiped are rectanglea. 

(c) All the faces of a cube are squares. 

(d) Any two opposite faces of a parallelopiped are egiud and 
parallel. 

(e) Any two opposite faces of a parallelopiped may be taken 
as the bases. 

Ex. 1263. Classify tbe polyhedrons whose laces are : (a) six paral- 
lelograms ; (6) six rectangles ; (c) six squares ; (d) two parallelograms 
and four rectangles ; (e) two rectangles and four parallelogramB ; (/) two 
squares and four rectangles. 

Bz. 1264. Find the sum of all the face angles of a para]lelo[dped. 

^. 1265. Find tbe diagonal of a cube whose edge is 6 ; 12 ; e. 

Bx. 1266. Find tbe diagonal of a rectangular parallelopiped whose 
edges are tt, 8, and 12 ; whose edges are a, b, and e. 

'^x. 1267. The edge of a cube : tbe diagonal of a face ; tlie diagonal 
of the cube = l:x:y ; find x and y. 

Bx. 1268. Find tbe edge of a cube whose dia^nal is 20V3 ; d. 

Ex. 1269. The diagonals of a rectangular parallelepiped are equal. 

Ex. 1270. The diagonals of a parallelopiped bisect each other, 

Ex. 1271. Tbe diagonals of a parallelopiped meet in a point. 

This point is sometimes called tbe oant«r of the parallelopiped. 

'^x. 1272. Any straight line through the center of a parallelopiped, 
with its extremities in the surface, is bisected at the center. 

Ex. 1273. Tlie sum of the squares of the four diagonals of a rectan- 
gular parallelopiped is equal to the sum of the squares of the twelve edges. 

Bx. 1274. Is the statement in Ex. 1273 true for any parallelepiped ? 
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PYRAMIDS 



744. Def. A pyramidal auif ace IS a surface generated by a mov- 
ing straight line that continually intersects a fixed broken line 
and that passes through „ 

a fixed point not in the 
plane of the broken line. 

745. Beta. By re- 
ferring to §§ 693 and 
694, give the defini- 
tions of seneiatilx, 
directrix, vertex, and 
element of a pyramidal 
surface. Point these 
out in the figure, 

746. Def. A pyram- 
idal surface consists 
of two parts lying on 
opposite sides of the 
vertex, called the }xp- 
per and Icnrer nappes. 

747. Def. A pjrramid is a polyhedron whose boundary con- 
sists of the portion of a pyramidal surface extending from ite 
vertex to a plane cutting all 
its elements, and the section 
formed by this plane. 

748. Dofa. By referring 
to § 727, the student may 
give the definitions of ba 
lateral faces, and lateral edges 
of a pyramid. The vertex 
of the pyramidal surface is called the vertex of the pyramid, 
as r. Point these out in the figure. 

In this text only pyramids whose bases are convex polygons 
will be considered. 
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749. DefB. A pyramid ia UUmgalax, qnadntngulai, etc., ac- 
cording as ita baae is a triangle, a quadrilateral, etc. 

750. Qneatlona. How many faces has a triangular pyramid ? a tet- 
rahedrOD ? Can these terms be used interchangeahly ? How many dif- 
ferent bases may a triangular pyramid have ? 

751. Def. The altdtude of a pyramid ia the perpendicular 
from the vertex to the plane of the base, as VO in the figure 
below, and iu the figure on preceding page. 



752. Def. A regulai pyramid ia a pyramid whose base is a , 
regular polygon, and whose vertex liea in the perpendicular 
erected to the base at its center. 

753. Def. A tnmcated pyramid is the portion of a pyramid 
included between the base and a section of the pyramid made 
by a plane cutting all the edges. 

754. Def. A fnuttun of a pyramid is the portion of a pyra- 
mid included between the base and a section of the pyramid 
made by a plane parallel to the base. 

755. The following are some of the properties of a pyramid; 
the student should prove the correctness of each : 

(a) 77ie lateral edges of a regular pyramid are equal. 

(6) Tkelateraledgeaof a frustum of a regular pyramid are equal. 

(c) The lateral faces of a regular pyrainid are equal isosceles 
triangles. 

(d) The lateral faces of a fmatwrn. of a regular pyramid are 
equal isosceles trapezoids. 
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Peoposition II. Theorkm 
756. Xf a, pyramid is cut by a plane parallel to the base •■ 
I' The edges and altitude are divided propartionaily. 
II- The section is a polygon similar to the ba^e. 




Oiven pyramid V— ABCDZ and plane MN \\ base AD cuttii^ 

the lateral edges in F, o, H, I, and J and the altitude in P. 



VF va VH 



II. FQHIJ'^ ABODE, 



I. Akodmbnt 




Rbasonb 


1. Through V pass plane RS II plane KL. 

2. Then plane RS II plane mn. 




1. § 652. 

2. § C54. 


' " VF VG' VG VU' VH VP' 




3. § 650. 


A . VA_-VB_7C_ _V0 
VF~ VG VH ' ' ' VP' 


n. 


4. §54,1. 


II. The proof of II is left as an exercise 


for 


the student. 



757. Cot I. Any section of a pyramid parallel to the 
base is to the base as the- square of its distance from the 
vertex is to the square of the altitude of the pyramid. 



HiKT. Prove - 



Ay V~^ V& 
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758. Cor. n. If two pyramids having eqital altitudes 
are eut hy planes paraUd to their bases, and at equal dis- 
tances /rom their vertices, 

the sections have the same 
ratio as the bases. 

HiMT. Apply 5 767 to each 
pyramid. 

759. Cor. m. If two 
pyramids have equiva- ^ 
lent bases and equal al- a g 
titudes, sections made by 

planes parallel to the bases, and at equal distances from 
the vertices, are equivalent. 



Bx. 1275. Ib every tnmcaWd pyramid a frustum of a pyramid f Is 

every frustum of a pyramid a truncated pyramid? What is the lower 
base of a frustnm of a pyramid ? the upper base ? the altitude ? 

Bx. 1276. Classify the figures whose faces are as indicated below : 

(a) one quadrilateral and four triangles ; 

(6) one square and four equal isosceles triangles ; 

(c) one pentagon and five triangles ; 

(d) two pentagons and dve trapezoids ; 

(e) two squares and four equal isosceles trapezoids ; 
(/) two regular hex^ons and six rectangles. 



;. 1278. Tbe base of a pyramid, whose altitude is 2 decimeters, 
X> square centimeters. Find the area of a section centimeters 
from the Tertei ; 10 centimeters from the vertex. 

£x. 1279. Tbe altitude of a pyramid with square base in 16 Inches ; 
the area of a section parallel to the base and 10 inches from the vertex is 
66J; square inches. Find the area of the base. 

Ex. 1280. The altitude of a pyramid is H. At what distance from 
the vertex must a plane be passed parallel to the base so that the section 
formed shall be: (a) one half as large as the base? (6) one third? 
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Bx. 1281. Prove that parallel eections of a. pyramid are to each 
other a& the Eqiiares of their clistancus from the Terle: of the pyramid. 
Do the results obtained in Ex. 1280 fulfill tbis condition ? 

Ex. 1282. Bacb aide of tbe biiae of a regular hexagonal pyramid 
i9 G ; the altitude is 15. How far from the vertex must a plane b« parsed 
parallel to the base to form a section whose area ia 12 v^? 

Ex. 1283. The areas of tbe bases of a frustum of a pyramid are 2S8 
square feet and 450 square feet ; the altitude of the frustum is 3 feet. 
Find the altitude of tbe pyramid of which the given figure is a frustum. 

Ex. 1284, The bases of a frustum of a regular pyramid are equi- 
lateral triangles whose sides are 10 inches and 18 inches, respectively ; 
the altitude of the frustum is 8 inches. Find the altl- ^^' 

tude of the pyramid of which the given figure is a 
frustum. 

Ex. 1285. The sum of the lateral faces of any 
pyramid is greater than the base. / '+-^t7^ 

Hint. In the figure, let FS be the altitude of face ^^TJ^ 
VAD and VO the altitude of the pyramid. Which is 
the greater, VEot OE^ a. o 

MENSURATION OP THE PRISM AND PYRAMID 



760 


Def. The lateral ^rea of a 


prism, a pyramid, or a frutf- 


turn oj 


a pyramid is the sum of the areas of its lateral faces. 


761 

lowing 


In the mensuration of the 
notation will be used r 


priam and pyramid the fol- 


a, 6, c = 






= vertex of a pyramid. 




lar parailelopiped. 




P = perimeter of right sec- 


B = 


area of base in general or of 




tion or of the lower 




lower base of a frustum. 




base of a frustum. 


b = 


area of upper base of a 




p= perimeter of upper base 




frustum. 




of a frustum. 


E = 


lateral edge, or element. 




S = lateral area. 




or edge of a tetrahedron 




r= total area. 




in general. 




F= volume in general. 


H = 


altitude of a solid. 


Pi 


«2 ... = volumes of smaller sol- 


k = 


altitude of a surface. 




ids into which a larger 


L- 


slant height. 




soUd is divided. 
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Proposition III. Theorem 
762. The lateral area of a prism is equal to the product 
of the perimeter of a ri^ht section and a lateral edge. 



CUven prism AK with MQ a rt. section, E a lateral edge, 8 
lateral area, and P the perimeter of rt. section MQ. 
To prove 8 s= p • E. 

Reasonh 

1. §728. 

2. §619. 
3; §228. 



Et. section MQA.AI, CJ, etc. 

.-. MN±Al; NQ±CJ; etc. 

,-, My is the altitude of CJ aj; nq is 

the altitude of O CK; etc. 

.-. area of O ^J = My- AI = MN • E; 

area of a CiT = iV"« ■ CJ= NQ-E; 

etc. 

n AJ-\-nJCK-\ =={MN+lfQA )E. 

.: 8 = p. E. 



4. §481. 



5. §64,2. 

6. §.300. 



763. Cor. The lateral area of a right prism is equal to 
the product of ike perimeter of its base and its altitude. 

Hint. Thua, \t P = perimeter of base and H — altitude, S = PH. 

764. Z>ef. The slant height of a reginlar pTTBinid is the alti- 
tude of any one of its ti-iangiilar faces. 

765. Def. The slant Iieight of a fmstma of a regular pyra- 
mid is the altitude of any one of its trapezoidal faces. 
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Proposition IV. Theorem 
766. The lateral area of a regular pyramid is equal to 
one half the produ/Ct of the perimeter of its base and 
Us slant height. 




QlTen regular pyramid 0-ACD ■■■ with the perimeter of its 
base denoted by P, its slaut height by L, and its lateral area by S. 
To prove S= ^p ■ L. 



Abgumeht 

1. Aiea.ot A AOC=^ AC- OB = ^ AC- L; 

areaof A COZ> = | CD- L; etc. 

2. .■.AAOC + ACOD+ — 

= i{AC+OD+—)L. 

3. .■.s = Ip.l. «.E.n, 

767. Cor. The lateral area of 
a frustum of a regular pyramid 
is equal to ons half tJie product 
of the sum of the perimeters of j 
its bases and its slant height. 1 


1 

2. 
3. 

1 


RsAHons 
§485. 

§ 54, 2. 

§309. 


Hint. Prove .?= 1(P + p)L. /^ 

Ex. 1286, Find Ihe lateral area and '*\, 

the total area of a regular pyramid each w* 


■ 





side of whose square base la 24 inches, and 

whose altitude ie 16 inchee. '' " 

Ex. 1267. Thti sides of tlie bases of a frustum of a regular octagonal 
pyramid are 15 centimeters and 24 oeiitimeWra, respectively, and the 
slant height ia 30 centiineWrs. Find the number ot equare decimeters in 
the lateral area of the frustum. 
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Ex. 1288. Find the lateral area of a prism wboBe right section is a 
quadrilateral with sides G, 7, it, and 13 inches, and whose lateral edge is 
15 inches. 

Ex. 1269. Find the lateral area of a right prism whose altitude is 16 
iocbes and whose base is a triangle with sides 8, 11, and 13 Inches. 

Ex. 1290. The perimeter of a right section of a prism ia 45 deci- 
meters; iu altitude Is 10 V3 decimeters; and a lateral edge makes with 
the base an angle oC 00". Find the lateral area. 

Ex. 1291. Find the altitude of & regular prism, one side of whose 
triangular ba^ is 6 inches and whose lateral area is 106 square inohes. 

Ex. 1292. Find the total area of a regular hexagonal prism whose 
altitude is 20 inches and one side of whose base is 10 inches. 

Ex. 1293. Find the total area of a cube whose diagonal is 8v^. 

Ex. 1294. Find the edge of a cube if its total area is 291 square 
; if its total area is T. 



Ex. 1295. Find (he total area of a regular tetrahedron whose edge 
)b 6 inches. 

Ex. 1296. Find the lateral area and total area of a regular tetra- 
hedron wboxe slant height is 8 inches. 

Ex, 1297. Find the lateral area and total area of a regular hexagonal 
pyramid, a side of whose base is inches and whose altitude is 10 inches. 

Ex. 1298. Find the total area of a rectangular parallelepiped whose 
edges are tt, 8, and 12 ; whose edges are a, h, and c. 

Ex. 1299. Find the totfti area of a right parallelopiped, one side of 
whose square ba^e is 4 inches, and whose attitude Is inobes. 

Ex. 13O0. The balcony of a theater is supported by four columns 
whose bases are regular hexagons. Find the coat, at 2 cents a square 
foot, of painting the columns if they are 20 feet high and the apothems of 
the bases are 10 Inches. 

Bx, 1301. In a frustum of a regular triangular pyramid, the sides 
of the bases are 8 and 4 inches, respectively, and the altitude is 10 Inches. 
Find the slant height and a lateral edge. 

^x. 1302. In a frustum of a regular hexangular pyramid, the sides 
of the bases are 12 and S, respectively, and the altitude is 16, Find the 
lateral area. 

Ex. 1303. In a regular triangular pyramid, the side of the base ia 
8 inchea, and the altitude Is 12 inches ; a lateral face makes with tlie base 
an angle of 00°. Find the lat«ral area. 
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Volumes 

768. Not*. The student should compare carefull; |; T68-T7S wiLIi 
the correspond iug discussion of the rectangle, §§ 466-473. 

769. A solid may be measnred by finding how many times 
it contains a solid unit. The solid unit most frequently chosen 
is a cube whose edge is of unit length. If the unit length is 
an inch, the solid unit is a cube whose edge is an inch. Such 
a unit is called a cubic Incb. If the unit length is a foot, the 
solid unit is a cube whose edge is a foot, and the unit is called 
a cubic foot. 



Fio. 1. Rectangular Farallelopiped AD - 60 U. 

770. Del. The result of the measurement is a number, 
wliicli is called the measure-nimibeT, or numerical meaanre, or 
volume of the solid. 

771. Thus, if the unit cube V is contained in the rectangular 




Rectanjnilar Farallelopiped AD = 24 V*. 
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parallelepiped AD (Fig. 1) 60 times, then the m 

volume of rectangular parallelepiped ad, in terms of U, is 60. 

If the given unit cube is not contained in the given rectangu- 
lar parallelopiped an integral number of times without a re- 
mainder (Fig. 2), then by taking a cube that is an aliquot part 
of V, as one eighth of U, and applying it aa a measure to the 
rectajigulai' parallelopiped (Fig. 3), a number will be obtained 




which, divided by 8,* will give another (and usually closer) 
approximate volume of the given rectangular parallelopiped. 
By proceeding in this way (Fig. 4), closer and closer approxi- 
mations to the true volume may be obtained. 




Fia. 4. Bettaiigular Parallelopiped .41> = 2fji tr+ = 41Air+. 
* It takes eleht of Uie smBU cubes to nuke tbe unit cabe ItHlf. 
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772. If the edges of the given rectangular parallelopiped 
and the edge of the unit cube are commensurable, a cube may 
be found which is an aliquot part of U, and which will be con- 
tained in the rectangular parallelopiped an integral number of 
times. 

773. If the edges of the given rectangular parallelopiped 
and the edge of the unit cube are incommensurable, then closer 
and closer approximations to the volume jnay be obtained, but 
no cube which is an aliquot part of U will be also an aliquot 
part of the rectangular parallelopiped (by definition of incom- 
mensurable magnitudes). 

There is, however, a definite limit which is approached more 
and more closely by the approximations obtained by using 
smaller and smaller subdivisions of the unit cube, as these 
subdivisions approach zero as a limit. 

774. Def, The volume of a rectangular parallelopiped which 
is incommensurable with the chosen unit cube is the limit 
which successive approximate volumes of the rectangular 
parallelopiped approach as the subdivisions of the imit cube 
approach zero as a limit. 

For brevity the expression the volume of a solid, or simply 
the solid, is used to mean the volume of the solid with respect 
to a chosen unit. 

775. Def. The ratio of any two solids is the ratio of their 

measure-numbers, or volumes (based on the same unit). 

776. Def. Two solids are equivalent if their volumes are 
equal. 

777. Historical Nota. The determination of the volunteB of 
polyhedrons ia found in a document as ancient aa the Rhlnd papyrus, 
■which is thought to be a copy of a manuscript dating back possibly as far 
as 3400 B.C. (See § 474.) In this manuscript Ahmes calculates the con- 
tents of an Egyptian bam by means of the formula, F= a. 6-(c + 1 c), 
where a, ft, and c are supposed to be linear dimensions of the bam. But 
unfortunately the exact shape of these barns is unknown, so that the 
accuracy of the formula cannot be tested. 
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Proposition V. Theorkm 
778. The voluine of a rectangular parall^lopiped is 
equal to the product of its three dimensions. 



N 

C 



CMven rectangiilat parallelopiped AD, with dimensions AC, 
AF, and A ; and U the chosen unit of volume, whose edge is w. 

To prova the volume of ad = AC • af • AO. 

I. If AC, AF, and AG are ea«h commensurable with t*. 

(a) Suppose that u is contained in AC, AF, and AO each an 
integral number of times. 



1. Lay off u upon AC, AF, and AO. Sup- 

pose thatu is contained in ^Cr times, 
in AF 8 times, and in AG t times. 

2. At the points of division on AC, af, and 

AO draw planes X AC, af, and AG. 

3. Then AD ia divided into unit cubes. 

4. There are r of these unit cubes in a 

row along AC, s of these rows in 
parallelopiped AK, and t such paral- 
lelepipeds in parallelopiped AD. 

5. .: the volume of AD = r ■ s ■ (. 

6. But r, 8, and ( ai'e the measure-numbers 

of AC, AF, and AG, respectively, re- 
ferred to the linear unit w. 

7. .■.tb.evolameotAD=AC-AF- AG. q.e.d. 



3. § 769. 

4. Ai^. 1. 



6. § 770. 
6. Arg. 1. 
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(b) Suppose tliat u is not a measure of AC, AF, and A 
spectively, but that some aliquot part of u is such a 
The proof is left as an exercise foi the student. 




II. If AC, AF, and AQ are each ineom mensurable with n 



1. Let m tie a measure of m. Apply m as 

a measure to AG, AF, and AG, respec- 
tively, as many times as possible. 
There will be remainders, as MC, 
NF, and QG, each less than m. 

2. Through if draw plane HK ± AC, 

through y draw plane NKl. AF, and 
through Qdraw plane QK ± AG. 

3. Now AM, AN, and AQ are each com- 

mensurable with the measure m, and 
hence with m, the linear unit. 

4. ,■, the volume of rectangular parallelo- 

piped AK ^ AM • AN • AQ. 
6. Now take a amaller measure of m. No 
matter how small a measure of v, is 
taken, when it is applied as a measure 
to AC, AF, and AQ, the remainders, 
MC, NF, and QO, will be smallei' than 
tlie measure taken. 



4. § 778, I. 

5. §336. 
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Arouhent 

6. .'. the difference between Aif and AU, 

the difference between AN and af, 
and the difference between AQ and 
AO, may each be made to become 
and remain less than any previously 
, assigned segment, however small. 

7. .-. AM approaches AC as a limit, AN 

approaches AF as a limit, and A Q 
appraauhea AG as a limit. 

8. .'. AU-Alf-AQiLpYiTO&ciiesAC-AF-AG 

as a limit. 

9. Again, the difference between rectan- 

gular parallelopiped AK and rec- 
tangular parallelopiped AO may be 
made to become and remain less than 
any previously assigned volume, 
however small. 

10. .". the volume of rectangular parallelo- 

piped AK a])proaches the voluiue of 
rectiugular parallelopiped AD aj 
limit. 

11. But the volume of AK is always equal 

to AM ■ AN ■ AQ. 

12. .-. the volume of ai}=ac ■ af ■ aq. q.e.d. 



. §593. 

. Arg.5. 



LI. Arg. 4. 

12. § 355. 

F and AG are in- 



III. If AC is commensurable with u but . 
commensurable with a. 

IV. If AC and AF are commensurable with w but AO is in- 
commensurable with u. 

The proofs of III and IV are left aa exercises for the student. 

779. Cor I. rfte volume of a cube is effual, to the cube 
of Us edge. 

Hint. Compare willi § 178. 
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780. Cor. n. Any two rectangular paralldopipeds 
are to each other as the products of their three di- 
mensions. (Hint. Compare vrilh §47a) 

783- Note. By tbe prodikct of a surface and a line is meant the 
product of the measure-numbers of the surface and tbe line. 

782. Cor. UL The volume of a rectangular parallelo- 
piped is equal to the product of its base and Us altitude. 

783. Cor. rv. Any two rectangular parallelopipeds 
are to each other as the products of their bases and 
their altitudes. (Hint. Compare with § 470.) 

784. Cor. T, (a) Two rectangular parallelopipeds having 
equivalent bases are to each other as their altitudes; (J) 
two rectangular parallelopipeds having equal altitudes 
are to each other as their bases. (Hint. Compare with §480.) 

785. Cor. vx (a) Two rectangular parallelopipeds hav- 
ing two dimensions in coTnmon are to each other as their 
third dimensions, and (.b) two rectangular parallelopi- 
peds having one dimension in common are to each other 
as the products of their other two dimensions. 

786. QueBtions. What is it in Book IV that corresponds to volume 
in Book VU ? to rectangular parallelopiped ? State the theorem and corol- 
laries in Book IV that correspond to §§ 778, 771t, 782, 78;}, and 78*. WUl 
the proofs giyen there, with the corresponding changes in terms, apply 
here ? Compare the entire discussion o£ §§ 408-480 with §§ 768-785, 



Bz. 1304. Find the volume of a cube whose diagonal is SvlF; d. 

Ex. 130S. The volume of a rectangular parallelopiped is V; each 
side of tbe square base ia one third the altitude of the parallelopiped. Find 
the side oE the base. Find the side of tbe base if V = 192 cubic feet. 

Bz. 1306. The dimensions of two rectangular parallelopipeds are 6, 
8, 10 and 5, 12, 16, respectively. Find the ral.io of their volumes. 

Ex. 1307 . The total area of a cube is 300 square inches ; find its volume. 

Ex. 1308. Tbe volume of a certain cube is V; find the volume of a 
cube whose edge is twice that of the s'ven cube, 

Bx. 1309. Tbe edge of a cube is a ; find the edge of a. cube twice as 
large ; i.t. containing twice the volume of the given cube. 
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787. Hiatortoal Note. Plato (429-346 b.o.) was one of the first to 
discover a solution to that famona problem of antiquity, the duplieation 
of a cube. I.e. the finding of the 
edge of a cube whose volume \b 
double that of a given cube. 

There are two legends aa to 
the origin of the problem. The 
one is that an old tragic poet rep- 
reaented King Minos as wishing 
toerect atombfor his son Glao- I 
cus. The king being dissatia- | 
fied with the dimensions (100 
feet each way) proposed by hU 
architect, exclaimed ; " The in- 
cIoBure is too small for a royal 
tomb ; double it, but fail not in 
the cubical form." 

The other legend asserta that 
the Athenians, who were snf- Plato 

fering from a plague of typhoid fever, consulted tlie oracle at Deloa as to 
how to stop the plague. Apollo replied ttiat tbe Delians would have 
to double the size of his altar, which was in the form of a cube. A new 
a.ltar was constructed having its edge twice as long as that of the old one. 
Tbe pestilence became worse than before, whereupon the Delians ap- 
pealed to Plato. It is tlierefore known as the Delian problem. 

Flato was born in Athens, and for eight years vras a pupil of Socrates. 
Plato possessed considerable wealth, and aft«r the death of Socrates In 
399 B.C. he spent some years in traveling and in the study of mathc- 
matica.. It was during this time that he became acquainted with the 
memtiers of the Pythagorean School, especially with Arctiytas, who was 
then ite head. No doubt it was his association with these people that gave 
him his pBflsion for mathematics. AboulSSO b,c. he relumed to his native 
city, where he established a school. Over the entrance to his school was 
this inscription; "Let none Ignorant of geometry enter my door." 
Later an applicant who knew no geometry was actually turned away 
■with the statement: "Depart, for thou hast not the grip of philosophy." 

Plato is noted as a teacher, rather than an original discoverer, and his 
contrlbntions to geometry are improvements in its method rather than 
additions to its matter. He valued geometry mainly as a "means of ed- 
ucation in right seeing and thinking and In the conception of imaginary 
processes." It is stated on good autliority that "Plato was almost as 
important as Pythagoras to tbe advance of Greek geometry." 
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Proposition VI. Theorem 

788, An obligue prism is eqaivalenf to a ri^ht prism, 
wiwse bnse is a ri^ht section of the oblique prism, arul 
ivJwse altitude is equal to a lateral edge of the oblique 

p7-ism. 




atvea oblique prism AD'; also rt. prism K!f' with base KIT 
a rt. section of Ai/, and with KK', LL', etc., lateral edges of 
KN', equal to Aa', BB', etc., lateral edges of AI^. 

To i»aTe oblique prism AD' =c= rt. prism KN'. 

OUTLISE OF Peoof 

1. In truncated prisms AS and A'N', prove the A of face 
/iff equal, respectively, to the A of face B'K'. 

2. Prove the sides of face BS equal, respectively, to the 
Mides of face b'k'. 

3. .-. face Bfi'=face b'k'. 

4. Similarly face BJf=face b'm', and face SB =: face b'k'. 

5. .: truncated prism AI? = truncated prism a'n' (§ 737). 

6. But truncated prism A'N =s truncated prism a'n. 

7. .-. oblique prisin AD' =o= rt. prism KN'. q.e.d. 
789. Question. Is tliere a theorem in Book IV that corresponds 

to frop. VI ? If Dot, formulate one and see if jou can prove it true. 



Proposition VII. Theorem 

79(K The voium-e .of any paralleloplped is equal to 
the product of its base and Us altitude. 




Oiven parallelepiped I with its volume denoted by V, its base 
by II, and its altitude by H. 
To prove V= B ■ H. 



Arguheht 




Reasons 


Prolong edge AC and all edges of Hi AC. 


1. 


S 54, 16. 


On the prolongation of AC take Dy = 


2. 


§627. 


AC, and through D and F pass planes 






± AF, forming rt. parallelepiped II. 






Then I ^ II. 


3. 


§788. 


Prolong edge J-if and all edges of II II fk. 


4. 


§ 64, IG. 


On the prolongation of FS take MN = 


5. 


S C2T. 


J'ir,and thronghJf and ff pass planes 






A. FN, forming rectangular parallele- 






piped III. 






Then II o HI. 


6. 


§ 788. 


.■./<= III. 


7. 


S 54, 1. 


Again, B^B' = B". 


8. 


§ 482. 


AIbo H, the altitude of I,= the altitude 


9. 


§663. 


of ni. 






But the volume of ni=B" ■ II. 


10. 


§782. 


.: V=B-H. Q.E.n. 


11. 


i.wg. 



b, Google 



868 SOLID GEOMETRY 

7M. Cor. I. Parallelopipeds having eguivcUent pases 
and equal altitudes are equivalent. 

792. Cor. n. Any two parallelopipeds are to each 
other as the products of their bases and their altitudes. 

793. Cor. m. {a) Two parallelopipeds having equiva- 
lent bases are to each other as their altitudes, and 
C6) two parallelopipeds having equal altiiFudes are to 
each other as their bases. 

794. Queattons. What expreBstou in Book IV correaponds to vol- 
utae of a parallelopiped f Quote the theorem and corollaries in Book IV 
that con«apoDd to §§ 790-793. Will the proofs given there, with the 
correspouding chaoges, apply here ? 



Bx. 1310. Prove Prop. VI by subtracting tlie equal truncated prifrma 
of Arg. 6 from the entire figure. 

Sz. 1311. The baae of a parallelopiped is a. paraileli^ram two adja- 
cent sides of which are 8 and 15, respectively, and the; Include an angle 
of 30°. If the altitude of the parallelopiped is 10, find its volume. 

Sx, 1312. Four parallelopipeds have equivalent bases and equal lat. 
eral edges. In the first the lateral edge makes with the base a^ angle of 
30° ; in the second an angle of 45° ; in the third an angle of Wf ; and in 
the fourth an angle of 90°. Find the ratio of the volumes of the four 
parallelopipeds. 

Ez. 1313. Find the edge of a cube equivalent to a. Teclangular par- 
allelopiped whose edges are ft, 10, and lli ; whose edges are a, b, and e. 

Bx. 1314. Find the diagonal of a. cntw whose volume is 512 cubic 
Inches ; a cubic inches. 

Ex. 1315. The edge of a cube is a. Find the area of a section made 
by a plane through two diagonally opposite edges. 

Ex, 1316. How many cubic feet of cement will be needed to make a 
box, including lid, if the inside dimensions of the box are 2 feet inches, 
8 feet, and 4 feet C inches, if the cement is 3 inches thick ? 

Hint. In a problem of this kind, always find the volume of the whole 
solid, and the volume of the inside solid, then subtract. 

lb. 1317. The volume of a rectangular p-irallelopiped Is 2480 cubic 
inches, and its edges are in the ratio of 8, 5, and 6. Find Its edges. 

^x. 1318. In a certain cube the area of the surface and the volume 
have the some numerical value. Find the volume of the cube. 
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Proposition VIII. Thborem 
795. The plane passed through two diagonally opposite 



edges of a pan 
triangular prisms. 



divides it into two equivalent 




Oivsn plane AQ passed through edges AE and CG of paral- 
lelepiped BH dividing it into the two triangular prisnas 
ABC~F and CDA-H. 

To prove prism JSC-J'<tpriam CD.l-jff. 

Aruument Only 

1. Let MKOP be a rt. aection of parallelopiped BH, cutting 
the plane AQ in line MO. 

2. Face AF II face dg and face AH\\ face BO. 

3. . ■. My II PO and MP II NO. 

4. .-. MSOP'\s aO. 

6. . ■. A MNO = A 0PM. 

6. Now triangular prism ABC-F<^a, rt. prism whose base is 
A MNO, a rt. section of prism ABC-F, and whose altitude is AE, 
a lateral edge of prism ABC-F. 

7. Likewise triangular prism CDJ-fl<=a rt. prism whose base 
is A 0PM and whose altitude is AE. 

8. But two such prisms are equivalent. 

9. .-. -prism ABC-F Kr^nam CDA-H. q.b-d. 

796. Qnestloiu. Ib there a. theorem in Book I that corresponda to 
Prop. VIII? H so, state it. Could an oblique prism exist sucli that a 
right section, as MNOP, might intersect either base ? If bo, draw a 
figure to illustrate. 
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Pbopobition IX. Theorem 



797. TTie volume of a t^ian^ular firism, is equal to 
the product of Us base and its altiiude. 




Olvsn triangular prism ACD-X vrith its volume denoted by 
V, its base by B, and its altitude by H. 

To prove V=B-H. 

Tlie proof is left as an exercise for the student. 

798. Queations. What proposition in Bouk IV corrceponds to Prop. 
IX above ? Can you apply the proof there given ? What is tlie name of 
tlie figure CZ in § 797? What ia its volume? What part of CZ is 
ACD-Xi% 7S6) ? 

Bz. 1319. The volume of a triangular prism is equal to ono half the 
product of any lateral face and the perpendicular from any point in the 
opposite edge to that face. 

Hint. The triangular prism is one half of a certain parallelepiped 
(§ '95). 

Ex. 1320. The base of a coal bin which is 8 feet deep is a triangle 
with sides 10 feet, 16 feet, and 20 feet, respectively. How many tons of 
coal will the bin hold conBidering 35 cubic feet of coal to a ton ? 

Bx. 1321. One face of a triangular prism contains 45 square inches ; 
the perpendicular to this face from apoint in the opposite edge is 6 Inches, 
Pind tlie volume of the prism. 

Bx. 1322. During a rainfall of J inch, how many barrels of water 
will fnll upon a ten-acre field, counting 7j gallons to a cubic foot and 31} 
gallons to a barrel ? 

Bz. 1323. The inside dimensions of an open tank before lining are 
6 feet, 2 feet C inches, and 3 feet, respectively, the latter being the height. 
Find the number of pounds of zinc required to line the tank with a coat- 
ing \ inch thick, a cubic foot of zinc weighing 6860 oances. 
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Proposition X. Theorem 
799. The volume of any prism, is equal to the product 
of its base and its altitude. 




Given prism AM with its volume denoted by 
B, and its altitude by H. 
To prore V = B ■ H. 

ARCnUBNT 



1. From any vertex of the lower base, as 

A, draw diagonals An, af, etc. 

2. Through edge AI and these diagonals 

pass planes AK, AM, etc. 

3. Prism AM is thus divided into triangu- 

lar prisms. 

4. Denote tbe volume and base of trian- 

gular prism ACD-J by Ui and 6,; of 
ADF-K by Dj and h^ ; etc. Then 
Vi = 6iff; Vj^b^H; etc. 

5. .■.Vi + Vi + — = 0^ + b^+-)B. 



Beasonb 
S 54, 16. 



§ 54, 2. 
§ 309. 



800. Cor. I. FrismjS having equivalent bases and 
equnl altiiiudes are equivalent. 

801. Cor. n. .4ny two prisma are to each other as 
the products of their hoses and their attitudes. 

802. Cor. in. f«) Two prisms having equivalent bases 
are to each other ai tJieir altitudes; (&) two prisms 
having equal (dtitudes are to each other as their bases. 
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Pkoposition XI. Theobem 



803. Two triangular pyrairvids having eguivalen t bases 
and equal altitudes are equivalent, _. , ■- 



Oiven triangular pyramids 0-ACD and O'-a'c'd' with base 

ACD <= base A'(fD', with altitudes each equal to QS, and with 
volumes denoted by V and V, respectively. 
To prove r = F*. 



1. V= v', F < F', or F > V*. 

2. Suppose V < y', ao that f' — F = ft, a 

constant. For convenience, place 
the two pyramids so that their bases 
are in the same plane, MN. 

3. Divide the common altitude Qfi into n 

equal parts, as QX, XT, etc., and 
through the several points of division 
pass planes II plane MN. 

4. Then section FGU ^ section F'O'O', 

section JKW^ section J'K'W', etc. 

6. On FOU, JEW, etc., as upper bases, con- 
struct prisms with edges II DO and 
with altitudes = QX Denote these 
prisms by II, III, etc. 

G. On a'c'D', fo'if, etc., as lower bases, 
construct prisms with edges II D'O' 
and with altitudes = QX. Denote 
these prisms by I', II', etc 



Reisohs 

1. 161,0. 

2. §54,14. 



4. §769. 

5. §726. 
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7. Then prism II s> prism II', prism III 

<= prism III', etc. 

8. Now denote the sum of the volumes of 

prisms II, III, etc., by S; the sum 
of the volumes of prisms I', II', III', 
etc., by a' ; and the volume of prism 
I' by v'. Then tf — S = ti'. 

9. But F* < s* and s < r. 

10. .-. r' + s< r+s'. 

11. .-. F' — r < s* - a ; i.e. y" —T<,v'. 

12. By making the divisions of the altitude 

QB smaller and smaller, prism I', 
and hence v' may be made less thau 
any previously assigned volume, 
however small. ■ 

13. ,-. V — V, which is < «', may he made 

less than any previously assigned 
volume, however small. 

14. .•.the supposition that F* — r=fc, a 
, constant, is false ; i.e. V is not < V'. 

15. Similarly it may be proved that V* is 

not < K. 

16. .-. r= V. Q.E.D. 



7. §800. 

8. §^,3. 



9. 5 54,12. 

10. §64,9- 

11. §64,6. 

12. 802,0. 



13. §64,10. 



14. Ai^. 13. 

15. Bystepssim- 

ilarto2-14. 

16. § ICl, b. 



Ex. 1324. The volume of an oblique prism is equal to the product of 
Its riglit section and a lateral edge. 

Hint. Apply § 788. 

Ex. 1325. The volume of a regular priBm is equal to the product of 
its lateral atea and one half the apothraa of Its base. 

HiHT. See Ex. 181S. 

Ex. 1326. Tbe base of a prism is a rfaombna having one side 29 inches 
and one diagonal 42 inches. It the altitude of tbe priain is 26 incbea, 
find Its volume. 

Ex. 1327. In a cert^n cube the area of the surface and the com' 
bined lengiths of its edges have the same numerical value. Find the 
volume of the cube. 
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Proposition XII. Tpeokem 
804. The volume of a triangular jn/mmid is equal t 
one third the /iroduct of Us base and its altitude. 




Oiveii triangular pyramid 0-ACD witli its volume denoted 
by V, its base by B, aud its altitude by H. 
To prove V= \B-H. 

Abouubnt Onlt 

1. Construct prism AQ with base ACD and lateral edge CO. 

2. The prism is then composed of triangular pyramid 
O-ACD and quadrangular pyramid O-ADQF. 

3. Through Ofl and OF pass a jilane, intersecting ADOF in 
DF and dividing quadrangular pyramid O-ADOF into two tri- 
angular pyramids 0-ADF and 0-DQF. 

4 ADGf ia a D; .: A ADF = A DOF. 

5. .-. 0-ADF <^ O-DOF. 

6. But in triangular ])yramid 0-dqf, OGF may be taken as 
base and D as vertex ; then 0-DGF = D-OGF o O-ACD. 

7. liutO-ACD + 0-ADF + 0-naF<^ prism AQ. 

8. .-. 3 times the volume of 0~ACli=the volume of prism AG. 

9. .-. F= 4 the volume of prism AG. 

10. But prism ^G = B-H; .■. F=^B.fl. q.e.d. 



Ex. 1328. Find the volume of a, rc^lar tetra- 
hedron whose edge is 6. 

Hist. O, the foot of the ± from T' to the plane 
of base ABC. is the center of A ABC (g 752). 
Hence 0^ = jj of the alliuide of A ABC, and a ± 
from O to any edge of the base, as OD = J of OA. 

Ex. 1329. Find the volume of a regular tetra- 
hedron wiUiahiiitheigbt2V3; wlUi altitude a. 
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Proposition XIII, Theorem 
80& The volume of any pyramid is equal to o. 
the product of its base and its altitude. 



CHven pyramid 0-ACDFG with its voluine denoted by F, its 
base by n, and its altitude, 00, by 3. 
To prove r= ^ B ■ H. 

The proof is left as an exercise for the student 
Hint. See proof of Prop. X. 

806. Cor. I. Pyramids having equivalent bases and 
equal altitudes are equivalent. 

807. Cor. n. ,4ny two pyrarnids are to each other as the 
products of their bases and their altitudes. 

808. Cor. iii.(«) Two pyramids having equivalent bases 
are to each other as their altitudes, and (b) two pjp-amids 
having equal altitudes are to each other as their bases. 

Ex. 1330. In the figure of § 805, if the base = 260 square inches, OG 
= 18 inches, and the inclination of OC to the base is 30°, find the volume. 

Ex. 1331. A pyramid and a prism have equivalent bases and equal 
altitudes ; find the ratio of their volumes. 



809. Historical Note. The proof of the proposition that "every 
pyramid is the tiiird part of a prism on the same base and with tho same 
altitude" is attributed toEudoxus (408-355 e.c.), a great mathematician 
of the Athenian School. In a noted work written by Archimedes (287- 
212 B.C.), called Sphere and Cylinder, there is also found an expression 
for the surface and volume of a pyramid. (For a further account of 
Archimedes, see §g 642, 8%, and 073.) .LaUr a solution of this problem 
was given by Brahmagupta, a not«d Hindoo wiit«r bom about 6S8 a.d. 
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Proposition XIV. Theorem 

810. Two trian^lar pi/ramids, having a trihedral 

angle of one equal to a trihedrdl angle of the other, are to 

each other as the products of the edges ineluding the- 

equal trihedral angles. 




Oiven triangular pyramids 0-acd and Q-FQU with tri- 
hedral Z.0=^ trihedral / Q, and with Tolumes denoted by F 
and v', respectively. 

_ OA ■ QC- OP 



To prova — ; = - 

r' QF- QO- QM 

Arodmbnt 

1. Place pyramid Q-FOM so that trihedrtd 

Z e sliall coincide with trihedral Z 0. 
Represent pyramid Q-FOM in its new 
position by O-F'a'n'. 

2. FromCandJf' draw Z>Jand Vff J. plane O^C 

„ „. V AOJC-DJ AOAC DJ 

3. Then— , = - — -7-=- T-,'^r~' 

r' A OF'a' • MK A of'G' m'k 

A OF'a' OP ■ oq' 

5. Again let the plane determined by DJ and 

m'k intersect plane OAO in line OKJ. 

6. Then rt. A DJO ~ rt. A J/'XO. 



7. , 



H'K OJt' 
V _ OA-OC 
7' of" ■ OO' 



OA-OC- OD 



Q.E.D. 



QF-QQ- QM 
811. Def. Two polyhedrons are similar 
same number of faces similar each to each and 
and have their corresponding polyhedral angli 



Reasons 
1. 5 54, 14. 



4. §498. 

5. §§613,616. 



f they have the 
similarly placed, 
: equal. 

iv,Goog[c 



Proposition XV, Theorem 
812. The volumes of two similar tetrahedrons are to 

each other as the cubes of any two homologous edges. 




OiveD similar tetrahedrons 0-ACD and 0-^'OJ^ with volumes 
denoted by V and V, and with OA and 0^ two homologous 
edges. 



Abouhbitt 
1. Tiihedral A0 = trihedral Z Q. 



V _ OA- PC- OP _ 
" r" QF- QO- QH 

, OA_OC _ OP 
QF~ QG~ Qm' 

V QF QF QF 



OA PC OP 
QF go QM ' 



QF^ 



Q.E.D. 



Reasons 
§811. 



§ 424, 2. 
g 309. 



813. Questiou. Compare§§810and8l2with§g498and 603. Are 
the same general metbods used in Ihe two sets of theorems ? 

814. Note. The proposition, " two similar convex polyliedrona are 
to each other as the cubes of any two homologous edges," will be assumed 
at this point, and will be applied in some of the exercises that follow. For 
a complete discussion of this principle see Appendix, §§ 1022-1020. 



Bx. 1333. The edges of two regular tetrahedrons a. 
and 8 centimeters, respectively. Find the ratio of their volumes. 

Bz. 1333. The voluires of two similar polyhedrons are 313 cubic 
inches and 512 cubic inches, respectively : (a) an edge of the first figure is 
14 inches, find the homologous edge of the second ; (b) the total area of 
the first figure is 230 square inches, find the total area of the second. 
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Proposition XVI. Theorem 

815. TliC volrnne of a frustum, of any pyramid is 

eijual to one third the product of Us altitude and the 

sii.m of its lower base, its upper base, and the mean pro- 

/jortional between its t 




Given frustum JM, of pyramid 0-AF, with its volume de- 



noted by V, its lower base by n, its upper 1 
altitude by H. 

To prove V == ^H(B + i+ Vs - b). 



Frustum AM ^^ pyramid 0-AF minus 

pyramid O-RM. 
Let fl* denote the altitude of 0-RM. 
Then r-= | b(h+ li')—^b- H' 

' = i^HB + i H'{}1 - h). 
It now remains to find the value of S*, 

b ^ B^ 

B (H + H")"' 

Vb _ jf 



Whence It = - 



Vfi-Vfi 
■.V=\HB + l 



,Hy/b 



-Vb-Vo _ 

= i JJB + -J nb+ \ By/~ll -T; 
i.e. V= \U{B + b+^'B-b). Q.E.D. 



! by b, and its 



Reasons 
1. § 54, 11. 



1767. 
S 54, 13. 
Solving for fl*. 
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PbOPOSITIOH XVII. THEOREM 

816. A truTicaied triangular prism i 
three triangular pyramids whose bases are the base of 
the frustum and whose vertices are the three vertices 
of the inclined sectim 




Given truncated triangular piisiii ACD-FOK. 

To prove ACD-FGK =0= F-ACD + O-ACD + K-AOD. 



Abgument 

1. Through A, D, F and K, D, F pass planes 

dividing frustum ACD-FOK into 
three triangular pyramids F-avd, 
F~ADE, and F'DGS. Since F-ACD ia 
one of the required pyramids, it re- 
mains to prove F-ADK => K-ACD and 
F-DQE =0= G~ACD. 

2. CF II plane AO. 

3. .-. the altitude of pyramid f-abk = 

the altitude of pyramid C~ADK. 

4. .-. F-ADK =0^ C-ADK. 

5. Bat in C-ADK, ACD may be taken as 

base and K as vertex. 

6. .: F-ADK =0= K-ACD. 

7. Likewise F-DOK =0 O-DOK = K-CDO ; 

and K-CDQ = A-CDO = a-ACD.y 

8. .: F-DQK =0= a-JCD. 

9. .■- ACD — FGK o F-ACD + G-ACD + 

K-ACD. Q.E.D. 



Rbasoks 
§611. 



2. S646. 

3. S664. 



7. By steps sim- 

ilar to 3^7. 

8. §54,1. 

9. §309. 
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817. Cor. I, The volume of a truncated righi triangii^ 
lar prism, is equal to one third the product of Us base 
and the sum of its lateral edges. 

818. Cor. n. Ths volume of any 
truncated triangular prism, is equal 
to one third the product of a right sec- 
tion and the sum of Us laierai edges. 

Hint. Rt, BBCtion AGD divides truncated 

triangular prism QB into two truncated right Q^r-- 

trianeular prisms. ^"^ 

Bz. 1334. The base of a trancated right triangular prism has for its 
Bides IS, 14, and 16 inches ; its lateral edges are 8, 11, and 13 inches. Find 
its Tolume. • 

Ex, 1335. In the formula of S 816: (1) put li = and compare 
result with formula ol § 806 ; (2) put b — B nnd compare result w[th 
formula of § 799. 

Ex. 1336. A frustum of a square pyramid has an alUtude of 13 
inches ; the edges of the bases are 2^ inches and 4 Inches, respectively. 
Find the volume. 

Ex. 1337. The edges of the bases of a tmstum of a square pyramid 
are 3 inches and 6 inches, respective!;, and the volume of the frustum Is 
204^ cubic inches. ITind the altitude of the frustum. 

Ex. 133S. The base of a pyramid contains 144 square inches, and Ita 
altitude is 10 inches. A section of the pyramid parallel to the base 
divides the altitude into (wo equal parts. Find ; (a) the area of the 
section ; (b) the volume of the frustum formed. 

Ex. 1339. A section of a pyramid parallel to the l>ase cuu off a pyra- 
mid similar to the given pyramid. 

Ex. 1340. The total areas of two similar tetrahedrons are to each 
other as the squares of any two homologous edges. 

Ei. 1341. The altitude of a pyramid is S inches. A plane parallel to 
the base cuts the pyramid into two equivalent pBrt& Find the altitude of 
the frustum thus formed. 

Bx. 1342. Two wheat bins are similar in shape ; the one holds 1000 
bushels, and the other 800 bushels. If the first is 16 feet deep, how deep 
is the second ? 

Ex 1343. A plane is passed parallel to the base ol a pyramid cut- 
ting tlie altitude into two equal parts. Find : (a) the ratio of the section 
to the base ; (i) the ratio of the pyramid cut off to the whole pyramid. 
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HISCELLAHEOUS BXEKCISBS 

^x. 1344. Find the locus of all points eqaldistant from the three 
edges of a trihedral angle. 

Th f 1345. Find the locus of all points equidistant from the three 
faces of a trihedral angle. 

Ex. 1346. (n) Find the ratio of the volumes and the ratio of the 
total areas of two similar tetrahedrons whose homologous edges are in 
the ratio of 2 to 5, (6) Find the ratio of their homologous edges and 
the ratio of their total areas if their volumes ace in the ra^tio of 1 to 27. 

Ex. 1347. (a) Construct three or more equivalent pyramids on the 
same base. (&) Find the locus of the vertices of all pyramids equivalent 
to a given pyramid and standing on the same base. 

lIiKT. Compare with Exs, 821 and 822. 

Ex. 1348. The altitude of a pyramid- is 12 inches. Its hase is a 
regular hexagon whose side is 5 inches. Find the area of a section paral- 
lel to the base and 4 inches from the base ; 4 inches from the vertex. 

Bx. 1349. A farmer has a corncrib 20 feet long, a cross section of 
which is represented in the figure, the numbers denotingfeet. If the crib 
is entirely filled with com in the ear, how many bushels 
of corn will it contain, counting 2 bushels of corn in the ^^ 

ear for 1 bushel of shelled com. (Use the approxi- /^^^ 

mation, 1 bushel = \\ cubic feet. For the exact volume ^^^^ IS 

of a bushel, see Ex, 1439.) "^^p 

Ez. 1350. A wheat elevator in the form of a frua- ^^^ 

turn of a square pyramid is 30 feet high ; the edges of its s 

bases are 12 feet and 6 feet, respectively. How many 
bushels of wheat will it hold? (Use the approximation given in Ex. 
1349.) 

Ex. 1351. A frustum of a regular square pyramid has an altitude of 
12 inches, and the edges of its bases are 4 inches and 10 inclies, respec- 
tively. Find the volume of the pyramid of which the frustum is a parU 

Ex. 1352. In a frustum of a regular quadrangular pyramid, the sides 
of the bases are 10 and 6, respectively, and the slant height Is 14. Find 
the volume. 

Ex. 1353. Find the lateral area of a regular triangular pyramid 
whose altitude is 8 inches, and each side of whose base is 6 inches- 
Ex. 1354. The edge of a cube is a. Find the edge of a cube 3 times 
as large ■-, n times as la^e. 
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Ex. 1355. A beny box supposed to contain e, quart of berries is in 

the lorm of a frustum of a pyramid 6 Inctiea square at the top, 4} incbes 
square at the bottom, and 2{ inches deep. Ttte United States diy quart 
contains 67.2 cubic inches. Does tlie box contain more or less than a 
quart ? 

Ex. 1356. The apace left in a basement for a coal bin is a rectangle 
8 >: 10 feet. How deep must the bin be made to hold 10 tone of coal ? 

Ex. 1357. The figure represents a bam, the numbers denoting the 
dimensions in feet. Find the number of cubic feet in the barn. 

Ex. 13S8. Let AB, BC, and 
BD, the dimensions of the bam in 
Ex. 1367, be denoted by a, b, and e, 
respectively. Substitute the values 
of a, h, and c in Ahmes' formula 
given in § 777, Compare your result 
with the result obtained hi Ex. 1367. ' _ _' 

Would Abmes' formula have been 
correct if the Egyptian bams had been similar inshape to the barn in Ex. 
1867? 

Ex. 1359. Hon much will it cost to paint the bam in Ex. 1357 at 
1 cent per square foot for lateral surfaces and 2 cents per square loot 
for the roof ? • 

Ex. 1360, The bam in Ex. 1367 has a stone foundation 18 inches 
wide and 3 feet deep. Find the number of cubic feet of masonry if the 
outer surfaces of the walls are in the same planes as the sides of the bam. 

Ex. 1361, The volume of a regular tetrahedron is ^v^. Find its 
edge, slant height, and altitude. 

Ex. 1362. The edge of a regular octahedron is a. Prove that the 
volume equals^ V^. 

Ex, 1363. The planes determined by the diagonals of a parallelo- 
piped divide the parallelopiped into six equivalent pyramids. 

Ex. 1364. A dam across a stream is 40 feet long, 12 feet high, 7 feet 
wide at the bottom, and 4 feet wide at the top. How many cubic feet of 
material are there in the dam i* how many loads, counting 1 cubic yard to 
a load ? Give the name of the geometrical s&\\A represented by the dam. 

Ex, 1365, Given ^S* the lateral area, and H the altitude, of a regular 
square pyramid, And the volume. 

Bz. 1366. Find the volume V, of a regular square pyramid, if its 
total surface is T, and one edge of the base is a. 
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BOOK VIII 

CYLIin)ERS AND CONES 

CYLINDERS 

81ft, D«t. A cylindtloal atuface is a, surface generated by a 
moving straight line that continually intersects a. fixed curve 
and remains parallel to a fixed straight line not coplauar with 

the given curve. 



Fio. 1. Cyliudcical Surface Fia. 2. Cylinder 

020. Defa. By referring to §§ 693 and 694, the student 
may give the definitions of generatrix, dlreobiz, and element of 

a cylindrical surface. Point these out in the figure. 

The student should note that by changing the directrix from 
a broken line to a curved line, a prismatic surface becomes a 
cylindrical surface. 

821. Def. A cylinder is a solid closed figure whose boun- 
dary consists of a. cylindrical surface and two parallel planes 
cutting the generatrix in each of its positions, as DC. 

383 .-- , 



384 SOLID GEOMETRY 

822. DetB. The two parallel plane sections are oalled the 
bues of the cylinder, as AC and DF (Fig. 4) ; the portion of 
the cylindrical surface between the bases is the lateral aurface 
of the cylinder ; and the portion of an element of the cylin- 
drical surface included between the bases is an element of 
the cylinder, as mn. 

823. Def. A right cylinder is a cylinder whose elements axe 
perpendicular to the bases. 



Fig. 3. Right Cylinder Fia. 4. Obllqne Cylinder 

824. Dof. An oblique cylinder is a cylinder whose elements 
are not perpendicular to the bases. 

82& Def. The altitude of a cylinder is the perpendicular 
from any point in the plane of one base to the plane of the 
other base, as HKva. Figs. 3 and 4. 

826. The following are some of tlie properties of a cylinder ; 
the student should pi-ove the correctness of each : 

(a) Any tmo elements of a cylinder are parallel and equal 
(§§ 618 and 6S4). 

(b) Any elemeni of a right cylinder is equal to its altitude. 

(c) A line draian through any point in the lateral surface of a 
cylinder paridlel to an ele'ment, and limited by the bases, is itself an 
element (§§ SSS and 179). 
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PBOPoaiTidi* I, Theorem 
827. The bases of a cylinder are equ<A. 



Olveti cylinder AD with, bases ab and CD. 
To provs base AB = base CD. 

ARorMBNT Only 

1. Through any three points in the perimeter of base ab, 
aa E, F, and a, draw elements EH, FK, and QL. 

2. Draw EF, FQ, UE, HE, EL, and iff. 

3. EH is II and = FK; .-. BK ia a D. 

4. .'. EF = HE; likewise F8 = KL and GE =LH. 

5. .: AEFa = AHEL. 

6. .', base ab may be placed upon base CD so that E, F, and 
y will fall upon H, K, and L, respectively. 

7. But J, F, and tf are ony three points in the perimeter of 
base AB ; i.e. every point in the perimeter of base AB will fall 
upon a corresponding point in the perimeter of base CD. 

8. Likewise it can be shown that every point in the perim- 
eter of base CD will fall upon a corresponding point in the 
perimeter of base AS. 

9. .-. base ab may be made to coincide with base CD. 

10. .'. base ab = base CD. ■ q.E.D. 

828. Cor. I. The sections of a cylinder jnade by two 
parallel planes dotting all the elenvents are equal. 

829. Cor. n. Every section of a cylinder made by a 
plane parallel to its base is equal to the base. 
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Bx. 1367. Every aection at a cylinder made b; a plane parallel to 
Its base is a circle, if tbe base is a circle. 

Ex. 1368. If a line joins the centers of the bases of a cylinder, this 
line passes through the center of every section of the cylinder parallel to 
the bases, if the bases are circles. 

830. Dof. A tight McUoa of a cyliadei is a section formed 
by a plane perpendicular to an element, as section EF. 



Fig. 2. Circolai- Cylinder Via. 3. KghtClr- 

CDlar Cylinder 

831. Def. A circular oyHnder is a cylinder in which a right 
section is a circle; thus, in Fig. 2, if rt. section BF is a O, 
cylinder AD is a circular cylinder. 

832. D«f. A right circular cylinder is a right cylinder whose 
base is a circle (Fig. 3). 

833. Queationa. In Fig. 1, is rt. section EF a O ? In Fig. 2, is 
base AS&O? In Fig. 3, would a rt. section be a O ? 

834. Note. The theorems and exercises on the cylinder that follow 
will be limited to cases in which the bases of the cylinders are circles. 
When the term cylinder is used, therefore, it must he understood to mean 
a cylinder with circular bages. See also S S4((. 

Bx. 1369. Find the locus of all points at a distance of 6 inches from 
a, straight line 2 feet long. 

Bx, 1370. Find the locus of all points : (a) 2 inches from the lateral 
surface of a right circular cylinder whose altitude is 12 inches and the 
radius of whose base is 5 inches ; (6) 2 inches from the entire surface. 

Ex. 1371. A log is 20 feet long and 30 inches in diameWr at the 
smaller end. Find the dimensions of the lai^st piece of square timber, 
tbe same size at each end, that can be cut from tbe log. 
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PROPOaiTioN II. Theorem 

83S Every section of a cylinder made by a plane pass- 
ing through an element is a parallelogram,. (See §834,) 




(Uvea cylinder AB with base ak, and CDBF a section made 
by a plane through element CF and some point, a8 D, not in 
CF, but in the circumference of the base. 

To proTS CDEF a O. 



§ 179. 



1. Through D draw a line in plane DF II CF. 

2. Then the line so drawn is an element; 

i.e. it lies in the cylindrical surface. 

3. But this line lies also in plane DF. 

4. .■, it is the intersection of plane df 

with the cylindripal surface, and coin- 
cides with BE. 

5. .'. DB is a str. line and is II and = CF. 

6. Also CD and EF are str. lines. 

7. .-. CDEF ia&CJ. Q.E.D. 

836. Cot. Every section of a right cireuZar cylinder 
made by a plane passing through an elem^ent is a rec- 
tangle. 

Bx. 1372. In the figure of Prop. II, the radius of the base is i inches, 
element OF is 12 inches, CD is 1 inch from the center of the base, and CF 
makes witli CD an angle of (XP. Find the area of section CDEF. 

Ex. 1373. Every section of a cylinder, parallel to an element, is a 
parallelo^m. How is the basa of this cylinder reHtrlot«d ? (See g 8S4.) 



2. S8 



3. Arg. 1. 

4. § 614. 



5. § 826, a. 

6. § 616. 

7. § 240. 
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CONES 



837. Def. A oonloal aiufaoe is a surface generated by a 
moving straight line that continually intersects a fixed curve 
and that passes through a fixed ^ ^^ 
point not in the plane of the 

curve. 

838. Dtfa. By referring to 
§§ 693, 694, and 746, the stu- 
dent may give the definitions 
of generatrix, directrix, vertex, 
element, and upper and loirer 
nappe* of a conical surface. 
Point these out in the figure. 

The student should observe 
that by changing the directrix 

from a broken line to a curved ^«- ^- ^^"'"^ S'"''^" 

line, a pyramidal surface becomes a conical surface. 

839. D«f. A cone is a solid closed figure 
whose boundary consists of the .portion of a 
conical surface extending from its vertex to 
a plane cutting all its elements, and the 
section formed by this plane. 

840. D«f«. Ey referring to §§ 748 and 
822, the student may give the definitions . 
of vertex, base, lateral Bmfaoe, and element 
of a cone. Point these out in the figure. 

843- Def. A cbcular cone is a cone containing a circular 
section such that a line ioining the vertex of the cone to the 
center of the section is perpendicular to the section. 

Thus in Fig. 4, if section AB of cone v-CD is a with center 
O, such that TO ia A. the section, cone r-CD is a circular cone. 

842. Def. The altitad* of a cone is the perpendicular from 
its vertex to the plane of its base, as vc in Fig. 3 and vo in 
Fig. 6. 
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843. Defa. In a cone with a circolai base, if the line join- 
ing its vertex to the center of its base is perpendicular to the 



Fio. 3. Coae with Clioular Base Fio. 4. Circnlar Cone 

plane of the base, the cone is a right dr- 
ciilar cone (Fig. 5). 

If such a line is not perpendicular to the 
plane of the base, the cone is called an 
oblique oone (Fig. 3). 

844. Dof. The azla of a right circular 
cone is the Iin» joining its vertex to the 
center of its base, as vo, Fig. 5. 

84& The following are some of the 
properties of a cone; the student should prove the correct- 
ness of each : 

(a) The elements of a right circular cone are equal. 

(6) The axis of a right circular cone is equal to Ua altitude. 

(c) A straight line drawn from the vertex of a cone to any 
point in the perimeter of its base is an element. 

846. note. The theorems and exercises on the cone that tollon wiU 
be limited to cases in which the tiaaea of the cones are circles, though not 
necesBSTily to circular cones. When the term cone is used, theretoro, it 
mofit he understood to mean a cone viith clrcHlar bate. See also g 884. 

Ex. 1374. What is the locus of all pointa 2 inches from the lateral 
enrface, and 2 inches from the base, of a, right circular cone whose Blti< 
tude la 12 inches and the radius of whose base is 6 inches ? 
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SOLID GEOMETRY 
Peoposition III. Thkobeh 



847. Every section of a 
through Us vertex is a triangle. 



a plane passing 



Oiven cone v-AB with base AB and section rCD made t 
a plane through V. 
To proT« VCD a A. 




1. From Fdraw str. lines to C and D. 

2. Then the lines so drawn are elements ; 

i.e. they lie in the conical surface. 

3. But these lines lie also in plane VCD. 

4. .-. they are the intersections of plane 

VCD with the conical surface, and 
coincide with re and ro, respectively. 

5. Also CD is a str. line. 

6. .-. vc, YD, and CD are str. lines and vcD 

is a A. Q.E.D. 



54, 16. 

845, c 



Bz. 1373. Wbat kind of triangle in general is the section of a cone 
tlirough the vertex, if the cone is oblique ? if tiie cone is a right circular 
cone ? Can an; section of an oblique cone be perpendicular to the base 
of the cone? of a right circular cone ? Explain. 

Bx. 1376. Find tlie locus of all straight lines making a given angle 
with a given Etraiglit line, at a given point in the line. What will this 
locus be if the given angle is 90° ? 

Bx. 1377. Find the locus of all straight lines making a given angle 
with a given plane at a given point. WLat will the locus be U the given 
an0eis9O°? 
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Proposition IV. Theorem 

848. Evety section of a cone made by a plane parallel 
to Us base is a circle. (.See § 848.) 




Oiven CD a section of cone V-AB made by a plane II base AB. 
To prove section CD a O. 

OnTLtNB OF PrOO» 

1. Let S and iS be any two points on the boundary of section 
CO; pass planes through ov and points R and S. 

2. Prove AroJf^A rPBandAraA^~A7PS. 

3. Then ^=1^ and -^ 



PS VP 



PS VP 



PR pa 



4. Bnt Oif= ON; .: FS = PR; i.e. P is equidistant from any 

two points on the Ijoundary of section CD. 

5. ,-. section CD is a 0. q.e.d. 
849. Cor. ^ny section of a eone paraJZel to its base is 

to the base as the square of its distance from, the vertex 
is to the square of the altitude of the cone. 
Odtlink of Proof 



By §663, 



section CD _ 
I)ase AB 



OM 



PR VP _VX 
0M~~ VO ~ VF 
section CD _ Kg* 
base AB fP 



For applications of S§ 848 ^nd 849, see ^zis, 1380-1884. 
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892 SOLID GEOMETRY 

MENSURATION OF THE CYLINDER AND CONE 
Abeas 

850. Def- A pUn« is tangent to a ojrllDder if it contains 
an element, but no other point, of the cylinder. 

851. Def. A priam is Inaotlbed in a cylinder if its lateral 
edges are elements of the cylinder, and the iaasea of the two 
figures lie in the same plane. 

852. Del. A prlam is olionmaoilbed about a cylinder if its 
lateral faces are all tangent to the cylinder, and the bases of 
the two figures lie in the same plane. 

Ex. 1378. Hon many planes can be tangent to a cylinder? If two 
of these planes intersect, the line of inteisect.ion is parallel Ui an element. 
How are Ute bases of tbe cylindeta in Sg 660-852 restricted ? (See § 834.) 

853. Before proceeding further it might be well for the 
student to review the more important steps in the develop- 
ment of the area of a circle. In that development it was 
shown that : 

(1) The area of a regular polygon circumscribed about a 
circle is greater, and the area of a regular polygon inscribed in 
a circle less, than the area of tho regular circumscribed or in- 
scribed polygon of twice as many sides (§ 541). 

(2) By repeatedly doubling the number of sides of regular 
circumscribed and inscriljed polygons of the same number of 
sides, and making the polygons always regular, their areas 
approach a common limit (§ 546). 

(3) This common limit is defined as the area of the circle 
a 558). 

(4) Finally follows the theorem for the area of the circle 
(§ 569). 

It will be observed that precisely the same method is used 
throughout the mensuration of the cylinder and the cone. 

Compare carefully the four articles just cited with §g 854, 
855, 857, and 858. 
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Proposition V. Theorem 

854. I- The lateral area of a regular prism circuTn- 
scribed about a ri^ht circular cylinder is greater than 
the lateral area of the regular circumscribed prism, 
whose base has twice as many sides. 

II- The lateral area of a regular prisnb inscribed in a 
right circidar cylinder is less than the lateral area of the 
regular inscriied prism whose base has twice as many 





The proof is left as an exercise for the student. 

Hint. See S Ml- Let the given figures represent tbe bases of the 
actual figures. 

Ex. 1379. A regular quadrangular and a regular octangular prism 
are iDscribed in a right circular cylinder with altitude 25 inchea and 
radius of base 10 inches. Find tbe difference between their lateral areas. 

Ex. 13S0. The line joining tbe vertex of a cone to tbe center oi the 
base, passes through tbe center of every section parallel to the base. 

Ex. 1381. Sections of a cone made b; planes parallel to the base 
are to each other as tbe squares of their distances from tbe vertex. 

Ex. 1382. The base of a cone contains 144 square inches and the 
altitude is 10 inches. Find tbe area of a section of tbe cone 3 inches 
from the vertex ; S inches from tbe vertex- 
Ex. 1383, Tbe altitude of a cone Is 12 inches. How far from tlie 
vertex must a plane be passed parallel to the base so that tbe section 
shall be one half as large as tbe base ? one third t one ntb 7 

Ex. 1384. The altitude of a cone is 20 inches ; the area of the seoUoa 
parallel to tbe base and 12 inches from tbe vertex is 90 square inches. 
Find the area of the base. 
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Pboposition VI. Theorem 

855. By repeatedly doubling the number of sides of 
the bases of regular prisms circumscribed about, and in- 
scribed in, a ri£ht circular cylinder, and making ike bases 
always regular pcAygons, their lateral areas approach 
a common limit. 




Given H tlie common attitude, R and r the apothems of the 
bases, P and p the perimeters of the bases, and S and a the 
lateral areas, respectively, of regular circumscribed and in- 
scribed prisms whose bases have the same number of sides. 
Let the given figure represent the base of the actual figure. 

To prove that by repeatedly doubling the number of sides 
of the bases of the prisms, afld making them always regular 
polygons, a and a approach a common limit. 

Abochent 
1. S = P'H and s = p- H. 
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7. But by repeatedly doubling the num- 

ber of sides of the bases of the 
prisms, and maklug them always 
i-egular [Hilygons, R — r can be made 
less than any previously assigned 
value, however small. 

8. ,-. ~ can be made leas than any 

previously assigned value, however 
small. 

9. .■. S ~- can be made less than any 

previously assigned value, however 
small, s being a decreasing variable. 

10. ,-. S — s, being always equal to S ~ ^ , 

can be made less than any previously 
assigned value, however small, 

11. .'. s and 3 approach a common limit. 

Q.E.D. 



856. Note. The above proof is limited to regular prisms, but it can 
be slionn tbat the iimit ol the laterai itren of any inscribed (or circum- 
scribed) prism is tbe same by whatever method tbe number of the sides 
of its base is successiveiy increased, provided that each side approaches 
zero as a limit. (See also § MS.) Compare the proof of § 8&6 with that 
of § 546, I. 

857. Def. The lateral area of a right circalar oyUnder is the 
common limit which the snct^essive lateral areas of circum- 
scribed and inscribed regular prisms (having bases containing 
3, 4, 5, etc., sides) approach as the number of sides of the 
bases is successively incrcas(id and each side approaches zero 
as a limit. 



Reasons 

6. § 54, 7 «■ 

7. ■ § 543, I. 



8. 5 586. 
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SOLID GEOMETRY 



Pkoposition VII. Theorem 

858. The lettered area of a right circular cylinder is 
equal to the product of the circum-ference of its base and 

its altitude. 




Oiven a rt. circular cylinder with its lateral area denoted by 
S, the circumfereuce of its base by C, and its altitude by S. 
To prove S=C- H. 



1. Circumscribe about the rt. circular 

cylinder a regular prism. Denote 
its lateral area by S', the perimeter 
of its base by P, and its altitude 
by H. 

2. Then S' = P ■ B. 2. S 763. 

3. As the number of sides of the base of 3. § 550. 

the regular circumscribed prism is 
repeatedly doubled, P approaches C 

4. .-. P ■ ff approaches c- sas a limit. 4. §590. 

5. Also s' approaches S as a limit. 5, § 807. 
G. But S* is always equal to P ■ H. 6. Arg. S 
7. .: S=C ■ H. <1.E.D, 

859. Cor. If S denotes the lateral area, T the total area, 
H the altitude, and B the radius of the base, of a right 
circular cylinder. 
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S=2-rBB; 

r = 2 nKff+ 2 w^ = 2 jrB{H+ S), 
860. ITote. Since tbe lateral area of an oblique prism la equal to 
the product oE the perimeter of a right section and a lateral edge (§ 762), 
the student would uaturally infer that the lateral 
area of an oblique cylinder with circular bases 
equal to the product of the perimeter of a, right sE 
tion and an element. This statement is true. B 
the right section of an oblique cylinder with circular 
base is not a circle. And since the only curve dealt 
with in elementary geometry is. tbe circle, this , 
theorem and its applications have been omitted here. 




Bx. 1389. Find the lateral a 
cylinder whose altitude ie 
is 10 centjmetera. 

Bx. 1386. How many square inches of tin will be required to make 
an open cylindrical pail 8 Inches in diameter and 10 inches deep, making 
no allowance for waste ? 

Ex. 1387. In a right circular cylinder, find the ratio of the lateral 
area to the snm of the two bases. What is this ratio Lf the altitude and 
the radius of base are equal ? 

Bx. 1388. Find the altitude of a right circular cylinder if its lateral 
area is 8 and the radius of its base S. 

Bx. 1389. Find the radius of the base of a right circular cylinder if 
its total area is T and its altitude is S. 

86L Det. Because it may be generated by a rectangle re- 
volving about one of its sides as an axis, a right circular 
cylinder is aometimes called a oyUnder of rev- 
oluUoii. 

862. Questloiia. What part of the cylinder will 

side CD, opposite tlie aiis AB, generate? What will 
AD and BO generate ? Wtiat will the plane AC gen- 
erate ? What might GD in any one of ite positions be 
called ? ft^ 

863. Def, Similar oyUndera of rerolntioit 

are cylinders generated by similar rectangles revolving about 
s sides as axes. 
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PaoPOSiTiow VIII. Theorem 

864. The lateral areas, and the total areas, of two 

similar cylinders of revolution are to each other as the 

squares of their altitudes, and as the squares of the radii 

of their bases. 



Given two similar cylinders of revolution with their lateral 
areas denoted by s and s', theit total areas by T and T', theii' 
altitudes by H and H', and the radii of their bases by S and R', 
respectively. 





"■"'""■ ™ ?-F'-F' 
















Arquhent 




BXASOHB 


1. 


S = 2)rHSand S' = 2irfl'ff'. 


1. 


§ 859. 


2. 


. S 2irSH SH It H 
" s' 2 ^s!h' ^h' s! h' 


2. 


§54, 8a. 


3. 


But rectangle JiH~ rectangle S^B'. 


3. 


§863. 


4. 


"ll' It"' 


4. 


§419. 


5. 


_ S B H S' 
"' S' B- ' H' H'^' 


5. 


§309. 


6. 


Also 4=4 -4=5- 

S' S' R' S" 


6. 


§309. 


7. 


Again, T = 2 ,rS(B + r) 

and r' = 2 TrR'{B' + R'). 


7. 


§859. 
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Aboumbnt 



8 . T _ S{H+S) _ R 
' " T" R'{H' + R') R! ' 

9. But, from Arg. 4, -^ - t^ 



11. Alao -^ = ^ 



r le J^ S"> 



Reasohb 
S 64,8a. 



10. § 309. 

11. S309. 



Ex. 1390. The altitudes of two similar cylinders of revolution are S 
inches and 7 inches, respectively, and the total area oi the first is 676 
square inches. Find the total area of the second. 

Bz. 1391. The lateral areas of two similar cylinders of revolution are 
320 square inches and 500 square indies, and the radius of the baee of 
the larger is 10 inches. Find the radius of the base of the smaller. 

Ex. 1392. Two adjacent sides of a rectangle are a and b; find. 
a of the cylinder generated by revolving the rectangle : (1) 
axis ; (2) about b as an axis. Put the results in the form 
Have you proved this general Hi 



the lateral are 
about a as an 
of a general 

865. Def. The slant height of a right circular cone is a 
straight line joining its vertex to any point in the circumference 
of its base. Thus any element of such a cone is its slant height. 

866. Def. A plane is tangent to a cone if it contains an 
element, but no other point, of the cone. 

867. Def. A pTTamld is Inscribed in a oone if its base is 
inscribed in the base of the cone and its vertex coincides with 
the vertex of the cone. 

868. D«f. A pTTamia is clronnisorlbed about a cone if its 
base is circumscribed about the base of the cone and its 
vertex coincides with the vertex of the cone. 

869; The student may state and prove the theorems on the 
right circular cone corresponding to those mentioned in § 854. 



Bz. 1393. 
what point mt 



How many planes can be tangent to a cone? Through 
it each of these planes pass ? Prove. How are the bases 
§5 866-8(18 restricted ? (See § 646.) 
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Phoposition IX. Theokem 

87tt By repeatedly doubling the number of sides of the 
bases of regular pyramids circumscribed about, and in- 
scribed in, a right circular cone, and making the bases 
always regular pc^ygons, their lateral areas approach 
a cormnon limit. 




Oiveo s the common altitude, L and I the slant heights, R 
and r the apothems of the bases, P and p the perimeters of the 
bases, and S and s the lateral areas, respectively, of regular 
circumscribed and inscribed pyramids whose bases have the 
same number of sides. Let the given figure represent the 
base of the actual figure. 

To prove that by repeatedly doubling the number of sides 
of the bases of the pyramids, and making them always regular 
polygons, 8 and s approach a common limit. 



= i PL and s = \pl. 



1. §766. 

2. § 54, 8 a. 

3. §638. 

4. §309. 
6. § 399. 
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BL 
. Now L — l<CB. 

. But by repeatedly doubling the num- 
ber of aides of the bases of the 
pyramids, and making them always 
regular polygons, CB can be made 
less than any previously assigned 
value, however small. 
, .: L — I, being always less than CB, can 
be made less than any previously 
assigned value, however small. 
.-. the limit of / = L. 
Also the limit i>tr = R. 
.-. the limit of rl = RL. 
.-. RL — rl can be made less than any 
previously assigned value, however 
small. 
RL - 



RL 



1 be made less than any 

previously assigned value, however 

small. 
Similar to Arg. 9, § 855. 
Similar to Arg. 10, § 855. 
.-. s and 8 approach a common limit, 



Rbabohb 

6. 54,7 a. 

7. § 168. 

8. Arg.3,§M3, 



10. § 349. 

11. § 543, 1. 

12. § 592. 

13. S 349. 



871. Note. Theproof of g 870 is limited in tbe gi 
proof of g 856. Read § 856. 



872. IM. The lateral area of a right olroular cone is the 

common limit which the successive lateral areas of circum- 
scribed and inscribed regular pyramids approach as the num- 
ber of sides of. the bases is successively increased and each 
side approaches zero as a limit. 
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SOLID GEOMETRY 



Pkofosition X. Theokeh 



873. The lateral area of a righi circular cone is equal 
to one half the product of the circumference of its base 
and its slant height. 




Given a rt. circular cone with its lateral area denoted by S, 
the circu inference of its base by C, and its slant height by L. 
To prove S = ^C ■ L. 
The proof is left as an exercise for the student. 

874. Questloa. What changes are necesatuy in the proof of Prop. 
VII to make it tlie proof of Prop. X ? 

875. Cor. If s denotes the lateral area, T the total area, 
L the slant height, and R the radius of the base, of a right 
circular cone, s = tRL;- 

T = wSl + rIP = wB{L + B). 



the cone. 

Bx. 1395. How man; ;arda of canvas 30 incites wide will be required 
to make a conical tent 16 feet high and 20 feet in diameter, if 10% of the 
goods Is allowed for cutUng and fitting ? 

Bs. 1396. The lateral area of a right circular cone is *tsv89 square 
inches, and tbe radius of the base is tO inches. Knd Ute altitude. 

876. Def. Because it may be generated by a right triangle 
revolving about one of its sides as an axis, a right circular cone 
is sometimes called a cone of revolution. 

877. D«f. SimUar cones of revolution are cones generated by 
similar right triangles revolving about homologous sides as axes. 
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Proposition XL Theorem 

878. The lateral areas, and the total areas, of two atrrvv- 
lar cones of revoluttton are to each other as the squares of 
their altitudes, as the squares of their slant heights, 
and as the squares of the radii of their bases. 




OivBD two similar cones of revolution with their lateral 
areas denoted by S and S", their total areas by T and r", their 
altitude-s by B and H', their slant heights by L and l', and 
the radii of their bases by R and J?', respectively. 



To prove : 



(a) ^ = -^=,i^ = 

(6) i; = .^^=4= 



rf? 



-The proof is left as an exercise for the student. 
Hint. Apply the method of proof used in l*rop. VIII. 

879. Def. A fniBtum of a cone is the portion of the cone 

included between the base and a section of the cone made by 
a plane parallel to the base. 

880. QuBBtloiiB. What »re the upper and lower baaea of a frustuu 
of a cone ? the altitude ? What kind of a figure is the upper base of a 
frustum of a. right circular cone (§ 848) ? 

881. Def. The «Unt height of a frustum of a right circular 
cone is the length of that portion of an element of the cone 
included between the bases of the frustum. 

Ex. 1397. Every section of a frustum of a cone, made by a plane 
passing through an element, is a trapezoid. 
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Proposition XII. Theorem 
882. The lateral area of a frustum of a ri^it circular 
cone is equal to one half the product of the sum of the 
circumferences of its bases and its slant height- 



Given frustum AM, of right circular cone 0-AF, with ita 
lateral area denoted by S, the circumferences of its bases by 
C and c, the radii of its bases by R and r, and its slant height 
by L. 

To prove S = ^((7+c)L. 
Abodhbnt 

1. rS= lateral area of cone o-af i 

lateral area of cone O-DU. 

2. Let L' denote the slant height of cone 

0-DM. Then s=^c(i + L')-^ci.' 
= f (7L + |L'(C-C). 



It now 



to find the value of L'. 



~AOQA. 
L' 



_ L + L' 
L' 



8. .-. S = iCL + i ■ ^(C-c)^i(C+c)L- 



Beabons 
S 64, 11. 



S 873. 



3. §556. 



§ 422. 
S 424, 2. 



7. Solving for £'. 
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883. Cor. I. If s denotes the lateral area, T the fatal 
area, L the slant height, and R and r the radii of the 
bases, of a frustum of a right circular cone, 

S = irL{S + r}; 

r=jr£(J( + r) + x(fl»+»0- 

884. Cor. H. The lateral area of a frustum of a right 
circular cone is equal to the product of its slant height 
and the cireu/mference of a section midway between its 



Bz. 1398. If S denotes the lateral area, L the slant height, and C 
the circumference of a aectiou midway between the baaes, of a tTUStuin of 
a right circular cone, then S = CL. 

Ex. 1399. In the formulas of § SS3 : (a) make r= and compare 
raeultB with formulas of § 876 ; (6) make b ~ B and compare reaulta 
with formulas of § 869. 

Ex. 1400. I'he altitude of a frustum of a right circular cone ja 
16 Inches, and the diameters of its bases are 20 inches and SO Inches, 
respectively. Find its lateral area and also its Wtal area. 

Ex. 1401. In the figure, .AS and CD are arcs of circles ; OA = 
2 inches, 0D = & inches, and LBOC = 120". Cut figure .dBCZ) out of 
paper and form it into a frustum of a cone. Find 
ita lateral area and also Its total area. Q 

Ex. 1402. A frustum of a right circular ccne 
whose altitude is 4 inches and radii of bases 4 
inches and' T inches, respectively, is made as in- 
dicated in Ex. 1401. Find the radius of the circle ^ ''^ 

from which it must be cut. 

Ex. 1403. The sum of the total areas of two similar cylinders of rev- 
olution is 216 square inches, and one altitude is J of the other. Find the 
total area of each cylinder. 

Ex. 1404. A regular triangular and a regular hexangular pyramid 
are inscribed in a right circular cone with altitude 20 inches and with 
radius of l>ase 4 inches. Find the difference between their lateral areas. 

Ex. 140S. Cut out of paper a semicircle whose radius Is 4 inches, 
and find its area. Form a cone with this semicircle and find its lateral 
area by % 6T5. Do the two results agree 1 

Ex. 1406. The slant height, and the diameter of the liase, of a right 
circular cone are each equal to L. Find the total area. 



'><""'^"'^c 
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. ^ VOLUMES 

Proposition XIII. Theorem 

885. I. The volicme of a prism whose base is a regular 
polygon, and which is circuTnscribed about a cylinder is 
greater than, the voluTne of the circumscribed prism 
whose base is a regular polygon with twice as many 
aides. 

II. The volume of a prism whose base is a regular poly- 
gon and which is inscribed in a cylinder is less than the 
volume of the inscribed prism, whose base is a regular 
polygon with twice as many sides. 

The figures and proofs are left as exercises for the student. 



Proposition XIV. Theobeu 
886. By repeatedly daabling the number of sides of the 
bases of prisms circumscribed about, and inscribed in, 
a cylinder, and making tJie bases always regular poly- 
gons, their volumes approach a common limit. 




Given H the common altitude, S and b the areas of the 
bases, and V and v the volumes, respectively, of circumscribed 
and inscribed prisms whose bases are regular and have the 
same number of sides. Let the given figure represent the base 
of the actual figure. 



bGooglt' 



To prove that by repeatedly doubling the number of sides of 
the bases of the priams, and makiuy them always regular poly- 
gons, V and V approach a common limit. 



~ B 




4. 


§ 54, 7 a. 


J. Similar to Arg. 7, § 855. 




5. 


§ 546, II. 


). Similar to Arg. 8, § 855. 




6. 


§ 586. 


. Similar to Arg. 9, § 855. 




7. 


§587. 


. Similar to Arg, 10, § 855. 




8. 


§309. 


. .-. V and V approach a common 


limit. 


9. 


§694. 



1. § 799. 

2. § 54, 8( 



887. Note. The proof of § 886 is limited in the same manner as ti 
proof of 5 865. Head § 866. 



Ex. 1407. The total area of a right circular cone whose altitude is 
10 inches is 280 aquare inches. Find the total area of the cone out off by 
a plane parallel to the base and 6 inches from the base, 

Ex. 1408. The altitude of a right circular cone is 12 inches. What 
part of the lairral surface is cut o& b; a plane parallel to the base and 
8 inches from tlie vertes ? 

Ex. 1409, The altitude of a right circular cooe is H. How far from 
the vertex must a plane be passed parallel to the base so that the lateral 
area and the total area of the cone cut oft shall be one half that of the 
original cone ? one third ? one nth ? 



888. Oef. The volume of a cylinder is the common limit 
which the successive volumes of circumscribed and inscribed 
prisma approach as the number of sides of the bases is suc- 
cessively increased, and each side approaches zero as a limit. 
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Pkoposition XV. Theorem 



889. The volume of a cylinder i 

of its base and Us altitude. 



equal to the product 




Given a cylinder, with its volume denoted by V, its base by 
B, and its altitude by H. 
To provB r= B ■ B. 



Aboumgnt 

1. Civcumacribe about the cylinder a 

prism whose base is a regular poly- 
gon. Denote its volume by v" and 
the area of its base by B'. 

2. Then y" =b' -h. 

3. As the number of sides of the base 

of the eircuni scribed prism is re- 
peatedly doubled, b' approaches B 
as a limit. 

4. .-. b' ■ H approaches £ - ff as a limit. 

5. Also F* approaches ras a limit. 

6. But F* is always equal to b' • s. 

7. .-. V=B -H. Q.E.D. 



§799. 

S568. 



7. § 



Arg. 2. 
355. 



890. Cor. If V denotes the volume, H tJie altitude, and 
B the radios of the base, of a cylinder, 
7 = '^H. 
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Proposition XVI. Theorem 

891. The volumes of two similar cylinders of revolution 
are to each other as the cubes of their altitudes, and as 
the cubes of the radii of their bases. 



"tsr:: 



Given two similai' cylinders of revolution with their volumes 
denoted hy Fand V', their altitudes by H and H', and the radii 
of their bases by R and S', respectively. 

To prove —; = -:;; = —;. 
F" S" B'^ 

Arqumeht 

1. V = -kB^B a,nd V = irS"'H'. 

2 ■ ^ = ^"^^ ~ ^" — ^ E. 

3. But rectangle RB ~ rectangle R'h'. 

4 ■ ^ = ^ 

' " IT «"' 

5 ■ -^ = ^ ?-=:^ 

6. But, from Arg. 4, ^ = ~. 



Rbasons 


1. 5 890. 


2. S64, 8o. 


3. ! 863. 


4. § 419. 


5. §309. 


6. § H, 13. 


7. §309. 



Bx. 1410. The volumes of two similar cylinders of revolution are 
135 cubic inches and 1716 cubic inches, respectively, and the altitude of 
the first is 3 inches. Find the altitude of the second. 
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Ex. 1411. A cylinder of levolulion has an altitude of 12 iaohea and 
a base with a radius of 5 inches. Find the total area of a aimilar cylinder 
whose volume is 8 timea that of the given cylinder. 

Ex. 1412. The dimensions of a rectangle are 6 inches and B inches, 
respectively. Find the volume of the solid generated by revolving the 
Tectangle: (a) about its longer side as an axis; (A) about its shorter aide. 
Compare the ratio of these volumes with the ratio of the sides of the 
rectangle. 

Ex. 1413. Cylinders having equal bases and equal altitudes are 
equivalent. 

Ex. 1414. Any two cylinders are to eacb other as the products of 
their bases and their altitudes. 

Ex. 1415. (a) Two cylinders having equal bases are to each otber 
as their altitudes, and (b) having equal altitudes are to each other as 
their bases. 

Ex. 1416, The volume of a right circular cylinder is equal to the 
product of itfi la^ral area and one half the radius of its base. 

Ex. 1417. Cut out a rectangular piece of paper x 9 inches. Koll 
this into a right circular cylinder and find its volume (two answers), 

Bx. 1416. A cistern in the form of a right circular cylinder is to be 
20 feet deep and 8 feet in diameter. How much will it cost to dig it at 
6 cents a cubic foot ? 

Bx. 1419, Find tlie altitude of a right circular cylinder if its volume 
is y and the radius of its base R. 

Ex. 1420. In a certain right circular cylinder the lateral area and 
the volume have the same numerical value, (a) Find the radius of tlie 
base. (6) Find the volume if the altitude is equal to the diameter of the 

Ex. 1421. A cylinder is inscribed in a cube whose edge is 10 inches. 
Find : (a) the volume of each ; (ft) the ratio of the cylinder to the cube. 

Ex. 1422. A cylindrical tin tomato can is 4^5 inches high, and the 
diameter of its base is 4 inches. Does it hold more or less than a liquid 
quart, i.e. ^JJ cubic inches ? 

892. The student may : 

(a) State and prove the theorems on the cone corresponding 
to those given in §§ 885 and 886. 

(b) State, by aid of g 888, the definition of the volnme of a 
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Pboposition XVII. Theorem 
893. The voIuTne of a cone is equal to o> 
prodttet of its base and Us aZtUude. 




OiTBD a cone with its volume denoted by V, its base by B, 
and its altitude by H. 
To prove V = ^B ■ H. 
The proof is left as an exercise for the student. 

894. Question. Wbat changes must be made in tbe proof of Prop. 
XV to make it the proof of Prop. XVII ? 

895. Cor. If V denotes the volume, u the altitude, and 
S the radius of tJis base of a cone, 

Ex. 1423. Any two cones are to each other as the products of their 
bases and altitudes. 

Bz. 1424. The slant height of a right circular cone is 18 inches and 
makes with tbe base an angle of 60°; the radius of the base is 8 inches. 
Find the volume of the cone, 

Ex, 1425. Tlie base of a cone has a radius o( 12 inches ; an elemt'nt 
of the cone is 24 inches long and makes with tlie base an angle of 30°. 
Find the volume of the cone. 

Ex. 1426. The hypotenuse of a right triangle is 17 inches and one 
side la 16 inches. Find the volume of tbe solid generated by revolving tbe 
triangle about its shortest side as an axis. 

Bz. 1427. A cone and a cylinder have equal bases and equal alti- 
tudes. Find the ratio of their volumes, 

896. HUtoiical Note, To Kudoxus Is credited the proof of the 
propwition that " every cone is the third part of a cylinder on the same 
base and with the same altitude." Proofs of this proposition were also 
given later by Archimedes and Brabmagupta. (Compare with § 809.) 
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Proposition XVIII. Theorem 

897. The volumes of two similar cones of revolution 
are to each other as the cubes of their altitudes, as the 
cubes of their slant Tiei^hts, and as the mtbes of the ror 
dii of their bases. 




CMtsii two similat cones of revolution with their volumes 
denoted by rand v', their altitudes by fl and b', their slant 
heights by i and i', and the radii of their bases by s and R\ 

respectively. 

To prove — , = — t- = -- s= — -. 

y' b" l" s" 

The proof is left as an exercise for the student 
Hint. Apply the method of proof used In Prop. XVl. 

Ex. 1428. If the altitude of a cone of revolation is t^tee fourths that 

of a similar cone, what other fact foiiowa b; definiiionV Compare the 
circumferences of the two bases ; their areas. Compare the total areas 
of the two cones ; their volumes. 

Ex. 1429. If the lateral area of a right circular cone is 1^ times that 
of a similar cone, what is the ratio of their volumes ? of their altitudes ? 

Ex. 1430. Through a given cone X two planes are passed parallel to 
the base ; let T denote tbe cone cut off by tbe upper plane, and Z the 
entire cone cut off by the loner plane. Prove that Y and Z are to each 
other as tbe cubes of the distances of the planes from Uie vertex of tbe 

Hivr. See Ex. 1381. 

Bx. 1431. Show that § RBT is a special caae^f Ex. 1430. 
Ex. 1432. The lateral area of a cone of revolution is 144 sttuan 
inches and the total area 240 square inches. Find the volume. 
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Proposition XIX. Theobbh 

89ft The wAume of a. fru-atwm of a eone is etfual to one 
third the prodMCt of its altitude and the sum of its 
lower base, its upper base, and the mean proportionai 
between, its two bases. 



Qiven frustum AST, of cobb 0-AF, with ite volume denoted 
by r, its lower base by B, its upper base by b, and its 
altitude by R. 

To prove r=\H(B + b+\'B-b). 

The proof is left as an exercise for the student. 

HiKT. Id the proof of § 615, change "pyramid " to "cone." 

899. Cor. If V denotes the volume, R the altitude, and 
B and r the radii of the bases of a frustum of a cone. 



Ex. 1433. Hake a frustum of a right circular cone as indicated in 

Ex. 1401, and of the a&ine dimensions. Find its voiume. 

Bx. 1434. A tin pail is in the form of a frustum of a cone ; the 

diameter of ita upper base ia 12 inches, of its iower tiase 10 inches. 

How high must the paU be to hold 2J gallons of water? (See Ex. 1422.) 
Bx. 1439. A cone 6 feet high is cut by a plane parallel to the base 

and i feet from the vertex ; the volume of the frustum formed is 466 

cnbic inches. Find tbe volume of the entire cone- 
Ex. 1436. Find the ratio of tbe base to Uie lateral area of a right 

circular cone whose altitude is eqnal to the diameter of its base. 
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HISCBLLANB0U8 EXERCISES 
Ex. 1437. The base of a cylijider is inscribed in a fftce of a cube 

whose edge is 10 inches. Find the 3.ltitude of the cylinder if its toIuiub 
is equal lo the volume of the cube. 

Ex. 1438. A block of marble in the form of a regular prism is 10 feet 
long and 2 feet 6 inches square at the base. Find the volume of the 
largest cylindrical pillar that can be cut from it 

Ex. 1439. The Winchester bushel, formed; used in England, was 
the volume of a right circular cylinder 18) inches In inWmal diameter 
and 8 inches In depth, la this the same volume as the bualiel used in the 
United States (2160.42 cubic inches) ? 

Ex. 1440. To determine the volume of an iiregulai body, it waa 
immersed in a vessel containing water. The vessel was in the form of a 
right circular cylinder the radius of whose base was 8 inches. On placing 
the body in the cylinder, the surface of the water vias raised lOJ Inches. 
Find the volume of the irregular solid. 

Ex. 1441. In driUning a certain pond a 4-inch tiling (i.e. a tiling 
whose inside diameter was 4 inches) was used. In draining another 
pond, supposed to contain half aa much water, a 2-lnch tiling was laid. 
It could not drain the pond. What was the error made F 

Ex. 1442. A grain elevator in the form of a frustum of a right cir- 
cular cone 1b 26 feet blgb ; the radii of its bases are 10 feet and & feet, 
respectively ; how many bushels of wheat vrill it hold, counting 1^ cubic 
feet to a bushel P 

Ex. 1443. The altitude of a cone with circular base is 16 inches. 
At what distance from the vertex must a plane be passed parallel to the 
base to cut the oone into two equivalent parts ? 

Ex. 1444. Two sides of a triangle including an angle of 120' are 10 
and 20, respectively. Find the volume of the solid generated hy revolv- 
ing the triangle about side 10 as an axis. 

Ex. 1445. Find the volume of the solid generated by revolving the 
triangle of Ex. 1144 about side 20 as an axis. 

Ex. 1446. Find the volume of the solid generated hy revolving the 
triangle of Ex, 1444 about its longest side as an axis. 

Ex. 1447. The slant height of a right circular cone is 20 inches, and 
the circumference of its base 4 r inches. A plane parallel to the base 
culfl off a cone whose slant height is 8 inches. Find the lateral area and 
tlie volume of the frustum remaining. 
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Ex. 1448. A cone baa an altitude of 12,g feet nnd a baae whose 
radius is 8.1Q f«et; the base of a cylinder having tbe aame yolume as the 
cone has a radius of tt.2S feet. Find the alUtude of tbe cyliDder. 

Ex. 1449. A log 20 feet long 
is 3 feet iu diameter at tbe top end 
and 4 feet in diameter at the butt 

(a) How many cubic fe 
wood does the log contain ? 

(b) How many cubic feet are there in tbe largest piece of square 
timber that can be cut from the log ? 

(c) How many cubic feet Id ttie largest piece of square timber Uie same 
size throughout its whole length ? 

{d) How many board feet does the piece of timber in (c) contain, a 
board foot being equivalent to a board 1 foot square and 1 inch thick ? 

Hint, In (b) the larger end is square ABGD. What is the smaller 
end? In (c) one end m square EFQH. What is tbe other end? 

Ex. 1450. The base of a cone has a radius of 16 inches. A section 
of the cone through the vertes, through tbe center of the base, and per- 
pendicular to the base, is a triangle two of whose sides are 20 inches 
and 24 inches, respectively. Find the volume of the cone. 

Ex. 1451. The hypotenuse of a right triangle is 10 inches and one 
side S inches ; find the area of the surface generated fay revolving the tri- 
angle about its hypotenuse as an azis. 

Ex. 1452. A tin pail in tbe form of a frustum of a right circular 
cone is 8 inches deep ; the diameters of its bases are 8} inches and 10^ 
inches, respectively. How many gallons of water will it bold ? (Ojie 
liquid gallon contains 281 cubic Inches.) 

Ex. 1453. The altitude of a cone is 12 inches. At what distances 
from the vertex must planes be passed parallel to the base to divide the 
cone into four equivalent parts ? 

Hint. See Ei. 1430. 

Ex. 1454. Find the volume of the solid generated by an equilateral 
triangle, whose side is a, revolving about one of its sides as an axis- 
Ex. 1455. Regular hexagonal prisms are inscribed In and circum- 
scribed about a right circular cylinder. Find (a) the ratio of the lateral 
areas of the three solids ; (b) the ratio of their total areas ; (c) tbe ratio 
of their volilmea. 
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Bx. 1496. How man; miles of platinum wire gi^ of an inch in diam- 
eter can be made from 1 cubic foot of platinum ? 

Bz. 1457. A tsnk in tbe form of a right circular cylinder is 6 feet 
long and the radius of its base is 8 inches. If placed so that its axis Is 
horizontal and filled with gasoline to a depth of 12 inches, how many 
gallons of gasoline will it contain ? 

HiMi. See Ex. 1024. 

Bz. 14S8. Find the weight in pounds of an iron pipe 10 feet long, if 
the iron is } inch thick and the outer diameter of tbe pipe is 4 inches. 
(1 cubic foot of bar iron weighs 7780 ounces.) 

Bx, 1459. In a certain right circular cone whose altitude and radios 
of base are equal, the total surface and the volume have the same numeri- 
cal value. Find the volume of tbe cone. 

Ei. 1460. Two cones of revolution lie on opposite sides of a common 
base. Their slant beights are 12 and 5, respectively, and the sum of their 
altitudes is 13. Find tbe radlue of the common base. 

Bx. 1461. The radii of the lower and upper bases of a frustum of a 
riglit circular cone are S and S', respectively. Show that the area of a 
section midway between them is ^ — i — i-. 

Bx. 1462. A plane parallel to the base of a right circular cone leaves 
three fourths of the cone's volume. How far from the vertex is tliia 
plane ? How far from the vertex is tbe plane if it cuts oft half tbe 
volume ? Answer the same questions for a cylinder. 

Ex. 1463. Iseverycone cut froma right circular cone byaplanepar- 
allel to its base nece«Barily similar to the original cone ? why ? How is 
it with a cylinder ? why ? 

Bx, 1464. Water is carried from a spring to a house, a distance of 
i mile, in a cylindrical pipe whose inside diameter is 2 inches. How 
many gallons of water are contained in the pipe ? 

Ex. 1465. A square whose side is 6 inches is revolved about one of 
its diagonals as an axis. Find the sarface and tbe volume of the solid 
generated. Can you find the volume of the solid generated by rovotving 
a cube about one of its diagonals as an axis ? 

Hint. Make a cube of convenient size from pasteboard, pass a hat- 
pin through two diagonally opposiw vertices, and revolve the cube rapfdiy, 

Bx. 1466. Given Fthe volume, and B the radius of the base, of a 
right circular cylinder. Find the lateral area and total area. 

Bx. 1467. Given the total area T, and the altitude B, of a right 
circular cylinder. Find the volume. 
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BOOK IX 

THE SPHERE 

900l l>«f. -A. apheie is a solid closed figure whose boundary 
is a curved surface such that all straight lines t6 it from a 
fised poiDt within are equal. 

901. Dof*. The fixed point within 
the sphere is called its center; a 
straight line joining the center to 
anj point on the surface is a radliu; 
a straight line passing through the 
center and having its extremities on 
the surface is a diameter. 

902. From the above definitions and 
from the definition of equal figures, 
§ 18, it follows that : 

(a) All radii of the same sphere, or of equal spheres, are equal. 

(b) All diameters of the same sphere, or of equal spheres, are 
equal. 

(c) Spheres having equal radii, or equal diameters, are equal. 

(d) A sphere may he generated by the revolution of a circle 
about a diameter as an axis. 

Ex. 1468. Find tbelociisof all points that are 3 inchesfrom tbe sur- 
face of a sphere whose radius Is 7 incbes. 

Bz. 1469. The ibree edges of a trihedral angle plerc« the surface of a 
apbere. Find the lociis of all points of the sphere that are ; 

(a) EquidistAnt from the three edges of the trihedral angle 

(5) Equidistant from the three faces of the trihedral angle. 

Ex. 1470, Find a point In a plane equidistant from three given points 
in space. 

Ex. 1471. Find the locus of all points in space equidistant from the 
three sides of a given triangle. 
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Proposition I. Tiieouem 
903. Every section of a sphere made by a plane is a 

circle. 




Olven AMBN A section of sphere made by a plane. 
To prove section AMBN a O. 



Argument 

1. From draw OQ X. section AMBlf. 

2. Join Q to C and D, any two points on 

the perimeter of section AMBN. Draw 
oc and OD. 

3. In rt. A 0«C and oqD, OQ = OQ. 



ov = 



OD. 



5. .'.A OQC = A OQD. 

6. .". 0C'= OD; i.e. any two points i 

perimeter of section AMBN art 
distant from Q. 

7. .■. section AMBN is a O- 

904. Def. A great dide of a 
sphere is a section made by a- plane 
which passes through the center of 
the sphere, as O CRDS. 

905. Def. A smaU circle of a 
sphere is a section made by a plane 
which does not pass through the 
center of the sphere, as O AMBN. 



nthe 
eqni- 



Reasons 
, 1. S 639. 
2. § 54, 15. 



3. Byiden. 

4. § 902, a. 

5. §211. 
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90& Qef. The axis of a dioltt of a sphare is the diameter of 
the sphere which is perpendicular to the plaae of the circle. 

907. Def. The poles of a drcle of a aphere are the extremi- 
ties of the axis of the circle. 

Ex. 1473, Considering the earth &b a ephere, what kind of circles 
are the parallels of latitude? theequator? the meridian circles? What 
IB the axla of the equator ? of the parallels of latitude ? What am the 
poles of the equator ? of the parallels of latitude ? 

Ex. 1473. The radiua of a sphere is 17 inches. Find the area of a 
section made b; a plane 8 inches from the center. 

Ex. 1474. The area of a section of a sphere 45 centimeters from the 
center is T84 n square centimeters. Find the radius of the sphere. 

Ex. 1475. The ai«a of a section of a sphere 7 inches from the center 
is 670 w. Find the area of a section 8 inches from the center. 



908. The following are some of the properties of a sphere ; 
the student should prove the correctness of each ; 

(a) In equal spheres, or in the aattie sphere, if two sectimis are 
e'juai, they are equally distant from the center, and conversely. 

Hint. Compare with § 307. 

(6) 7n equal spheres, or in the same sphere, if two sections are 
unequal, the greater section is at the less distance from the center, 
and conversely. (Hint. See§§308,310.) 

(c) In equal spheres, or in tlie same sphere, all great circles are 
equal. (Hint. See § 279, o.) 

(d) The axis of a small circle of a sphere passes through the 
center of the circle, and conversely. 

(c) Any two great circles of a sphere bisect each other. 

{/) Every great circle of a sphere bisects the surface and the 
sphere. 

(g) Through two points on the surface of a sphere, not the ex- 
tremities of a diameter, there exists one and only one great cirde. 

(h) Through three points on the surface of a i^ere there exists 
one and only one circle 

909. Del. The dlatamce b«tweeu two polnta on the ■utface 
of a aphere is the length of the minor arc of the great circle 
joining them. 
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Pkopobition II. Tbeokem 
910. All paints on, the circumference of a circle of a 
sphere are equidistcmt from either pde of the circle. 



Olven C and D any two points on the clrcmnference, and 
F and S the poles, of O AMBy. 

To prove arc PC = arc PD and arc fic = arc BD. 

The proof is left as an exercise for the student. 

HiKT, Apply 5 298. 

931. Del. The polar dlatanoe of a cdroU oi a «pli«re is the 
distance between any point on its ciicumfeience and the nearer 
pole of the circle. 

912. Cor. I. The poletr distance of a great circle is a 
quadrant. 

913. Cor. n. /n, equal spheres, or in the same sphere, 
the polar distances of equal circles are equal. 

Ft 1476. What !b the locus of all points on the surface of the earth 
at a quadrant's distance from the north pole ? from the south pole ? from 
the equator ? from a point F on the equalj^F ? at a distance of 23J° from 
the BOulh pole ? 2.S)° from the equator ? 180° from the north pole ? 

Bz. 1477. Considering the earth as a sphere with a radios of 4000 
miles, calculate in miles the polar distance of : (a) the Arctic Circle ; (6) 
the Tropic of Cancer ; (c) the equator. 

Ex. 147S. State a postulate tor the constructton of a circle on the 
surface of a sphere correBponding to § 122, the postulate for the construc- 
tion of a circle in a, plane. 
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Pkoposition III. Thbokeh 

£tt4. A point on the stvrface of a sphere (^ the distance of 

a quadrant from each of two other points (not the extrem- 

ities of the same diameter') on the surface, is the pole of 

the great circle passing through these two points. 




Olren PC and FD quadrants of g^reat ® of sphere O, 
AGDB a great O passing through points C and D. 

To prove P the pole of great O ACDB. 

Abodhsht Rbabohs 

1. Draw OC, OD, and OF. 1. § 54, 15. 

2.PC = 90° and PD = 90°. 2. By hyp 

3. •■. A FOC and POD are rt. A; i.e. OP ± OC 3. § 358. 

and OD 

4. .-. Of* J.theplane of O^OTB. 4. §622. 

5. .-. OP is the axis of O ACDB. 5. § 906. 
6 .-.P is thepole of gveat O-JCDB. (j.b.d. 6. 5 907. 

Ex. 1479. Aaauming the chord of a quadrant of a great circle of a 
sphere to be given, construct with compassea an arc of a great circle 
through two given points on the surface o( the sphere. 

Bx. 1480. If the planes of two great circles are perpendicular to each 
oUier, each passes through the poles of the other. 

Bx. 14S1. Find the locus of all points in space equidistant from two 
given points and at a given distance d from a tliird given point. 

Bz. 1482. Find the locus of all points in space at a, distance d from 
a given point and at a distance m from a given plane. 

Ex. 1483. Find the locus of aU points in space equidistant from two 
given points and also equidistant from two given parallel lines. 
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Proposition IV. Theorem 
ffl5. The intersection of two spherical surfaces is the 
eircwmference of a circle. 




Given two spherical surfaces generated by intersectiiig cir- 
cnmferences and Q revolving about line MN as an axis. 

To prove tlie intersectioQ of the two spherical surfaces the 
circumference of a ©. 

Outline op Proof ./ ^rM"^^^ 

1. Show that MN J. AB at its mid-point C (§ 328). ^'*'*^ ,^/vfl 

2. Show that AC, revolving about axis MN, generates a plane. 

3. Show that A generates the circumference of a G. 

4. The locua of A is the intersection of what (§ 614) ? 

5. .'. the intersection of the two spherical aiirfaces ia the cir- 
cumference of a O. Q.E.D. 

Ex. 1484. Find ihe locus of all points in space 6 iochea from a 
given point P and 10 inches from another given point Q. 

Ex. 1489. The radii of two intersecting spheres are 13 [oches and 
16 incites, respectively. The line joining ttieir centers is 24 inches. Find 
the clrcumfereDce and area of their circle of » 



916. Def. An angle formed hy two IntMsecUag aroa of circles 

ia the angle formed by tangents to the two area at their point 
of interaectioTi ; thua the Z formed 
by arcs AB and AC is plane Z dae. 

917. Def. A apberlcal angle is an 
angle formed by two intersecting arcs 
of great circles of a sphere.* 
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Proposition V, Theokem 
918. A spherical angle is measured by the arc of a 
great circle having the vertex of the angle as a pole ami 
intercepted by the sides of the angle, prolonged if nec- 
essary. P __2i 



OMTea spherical Z APB, witli CD an arc of a great whose pole 
is P and which is intercepted by aides PA and pb of Z APB. 
To prove that Z APB x CD. ' 

OcTLiNE or Proof 

1. Draw radii op, oc, and OD. 

2. Prom P draw PB tangent to PA and PT tangent to PS. 

3. Prove oc and OD each X OP. 

4. Prove OC II PB, OD II PT, and hence Z COD = Z RPT. 

5. But Z COD oc CD; .■. Z RPT, i.e. Z JPB =c CD. Q.b.d. 

919. Cor. I. A spherical angle is equal to the plane 
angle of the dihedral angle formed by the plaTies of the 
sides of the angle. 

920. Cor. n. The sum of all the spherical angles about 
a point on the surface of a sphere equals four right angles. 

Ex. 1486. By comparison with the definitions of tiie corresponding 
terms in plane geometry, frame exact definitions of the following classes 
of spherical angles ; acute, right, obtuse, adjacent, complementary, supple- 
mentary, vertical. 

Bz. 1487. Any two vertical spherical angles are equal. 

Ex. 1486. If one great circle passes through the pole of another 
great circle, the circles are perpendicular io each other. 
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LINES AND PLANES TANGENT TO A SPHERE 

921. Def. A Bttaight Hue or a i>laiia is tangent to a Bpibere 

if, however far extended, it meets the sphere in one and only 
one point, 

922. Del. Two •pberei are tangeat to eaoli other if they 
have one and only one point in common. They are tangent 
interaally if one sphere lies within the other, and extenudly if 
neither sphere lies within the other. 

Proposition VI. Theobem 

923. A plane tangent to a sphere is perpendicular to 
the radius drawn to the point of tan£ency. 




GMven plane AB tangent to sphere O at T, and OT a radius 
drawn to the point of tangency. 

To prove plane AB 1. OT. 

The proof is left as an exercise for the student. 

924^ Qneetlon. What changes are neceasary In the proof ol § 313 
to make it the proof of § 923 ? 

925. Cor. I. (Converse of Prop. VI). A plane perpen- 
dicular to a radius of a sphere ai its outer extrejniiy is 
tangent to the sphere- 

Hint, See § 314. 

Bz. 1469. A straight line tangent to a sphere is perpendicular to the 
radius dravm to the point of tangencj. 

Ex. 1490. State and prove the converse of Ex. 1489. 
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Ex. 1491. Two lines tangent to a sphere attbe same polot determine 
& plane tangent to the sphere at that point. 

Bx. 1492. Given a point P on tbe surface of sphere 0. Explain bow 
to construct : (a) a line tangent to sphere at P ; (b) a plane tangent 
to sphere O at P. 

Bx, 1493. Given a point B outside of sphere Q. Explain how to con- 
struct : (a) a line through S tangent to sphere Q; (b) a. plane through R 
tangent to sphere Q. 

Hint. Compare with § 373. 

Ex. 1494. Two planes tangent to a sphere at the extremities of a 
diameter are parallel. 

Ex. 1495. If the straight line joining the centers of two spheres is 
equal to the sum of their radii, the spheres are tangent to each other. 

Hint. Show that the radius of the O of intersection of the two 
spheres (§ 915) is zero. 

926. Def. A polybedroti is clrcnniacrlbed about a sphora if 

each face of the polyhedron is tangent to the sphere. 

927. D«f. If a polyhedron is circumscribed about a sphere, 
the aphere is said to be iuacilbed In tbe polyhedron. 

928. D^. A polyhedron is Inscribed in a. aphere if all its 
vertices are on the surface of the sphere. 

929. Def. If a polyhedron is inscribed in a sphere, the 
aphere is said to be olronmaoribed about the polybedron. 



Ex. 1496. Find the edge of a cube inscribed in a sphere whose radius 
is 10 inches. 

Ex. 1497. Find the volume of a cube : (o) circumscriljed about a 
sphere whose radius is 8 inches ; (b) inscribed in a sphere whose radius 
is 8 inches. 

Ex. 1498. A right circular cylinder whose altitade is 8 inches is in- 
Kribed in a sphere whose radius is tt inches. Find the volume of the 
cylinder. 

Ex. 1499. A right circular cone, the radius of whose base is 8 inches, 
is inscribed in a sphere with radius 12 inches. Find the volume of tbe 

Ex. 1500. Find the volume of a right circular coue circumscribed 
about a regular tetrahedron whose edge is a. 
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Proposition VII. Problem 
930. To inscribe a sphere in a given tetrafiedron. 




Olven tetrahedron V-ABC. 

To luaoribe a sphere in tetrahedron V-ABC. 

I. Conatnictlon 

1. Construct planes SABS, SBCT, and TCAR bisecting dihedral 
A whose edges are ab, bc, and CA, respectively. § 691. 

2. From 0, the point of intersection of the three planes, 
construct ©/"Xplane abc. § 637. 

3. The sphere constructed with o as center and OF as radius 
will be inscribed in tetrahedron F-ABC. 



II. Proof 

Plane RABS, the bisector of dihedral 
Z AB, lies between planes abv and 
ABC; I.e. it intersects edge VC in 
some point as D. 
.: plane RABS intersects plane BCF in 
line BD and plane ACv in line ad. 

. Plane SBCT lies between planes BCV 
and ABC; i.e. it intersects plane RASB 
in a line through B between SA and 
BD, as B3. 

. Similarly plane TCAR intersects plane 
R.iBS in a line through A between 



ReAaoNa 
1. By cons. 



2. § C16. 

3. By cons. 



4. By steps sim- 
ilar to 1-3. 
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ABSiDdAD, as ^R; and plane SBOT 
intersects plane TCAB in a line 
through C as CT. 

5. But AS and BS pass through the in- 

terior of A ABD. 

6. ,-. AR and BS intersect in some point 

as 0, within A ABD. 

7. -■. AS, BS, and OT are concurrent in 

point 0. 

8. From O draw OH, OK, and OL X planes 

TAB, VBO, and YCA, respectively, 

9. •-■ Oisiu plane 0.*s, OF=Oif. 
is in plane OBC, 0F= OK. 
is in plane OCA, 0F= OL. 



10. 
11. 

12. , 

13. , 



, 0F=! 0H= 0K= OL. 
. each of the four faces of the tetra- 
hedron is tangent to sphere O. 
. sphere is inscribed in tetrahedron 

r-ABC. Q.B.D. 



5. Args. 3 & 4. 

6. §194. 

7. § 617, 1. 

8. § 639. 

9. S 688. 

10. §688. 

11. § 688. 

12. § 54, 1. 

13. § 925. 

14. §§ 926, 927. 



- III. DlsonMlon 

The discussion is left as an exercise for the student. 



Ex. ISOl. The Biz planes bisecting the dihedral angles of a tetrahe- 
dron meet in a point which is equidistant from the four faces of the 
tetrahedron. 

Hint. Compare with § 268. 

Sx. 1502. Inscribe a sphere in a given cube. 

Ex. 1503. The volume of any tetrahedron is equal to the product ol 
ils surface and one third the radius of the inscribed sphere. 

Hint. See ^ 491 and 402. 

Ex. 1504. Find a point within a triangular pyramid such that the 
planes determined b; the lines joining this point t« the vertices shall di- 
.vide the pyramid into four equivalent parts. 

HiRT. Compare with Ex. lOM. 
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Proposition VIII. Probmim 
. To circumscribe a sphere about a given tetrahe- 




CHven tetrahedron V-abc. 

To oliounuorlbe a splieie about tetrahedron V-ABC. 

I. Conatractlon 

1. Through D, the mid-point of ab, construct plane DOA-AB; 
through E, the mid-point of BC, construct plane EOA-BC; xaA. 
through F, the mid-point of VB, construct plane FOl. VB. 

2. Join 0, the point of intersection of the three planes, to A. 

3. The sphere constructed with Oas center and OA as radius 
will be circumscribed about tetrahedron V-ABC. 

II. OutUne (rf Proof 

1. Prove that the three planes OD, OE, and OF intersect each 
other in three lines. 

2. Prove that these three lines of intersection meet in a 
point, as 0. 

3. Prove that OA = OB = 00= OT. 

4. ,•. sphere ia circumscribed about tetrahedron V-ABC. 

(J.E.D. 

932. Cor. Four points not in, the same plane determine 
a sphere. 

933. Questions. Are the methods used in §§ 030 find D31 similar 

to those used in §§ -^21 and 323 ? In S 030 could the lines forming the 
edges of the dihedral an^'les bisected be three lines meeting in one vertex ? 
In §031 could the three edges bisected be three lines lying in the same face ? 
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Bx. 1505. The bIx planes perpendicular to the edges of a tetrahedron 
at their mid-pointB meet in a, point which is equidistant from the foar ver- 
tices of the tetrahedron. 

Thr 1506. The four lines perpendicular to the faces of a tetrahedron, 
and erected at their centers, meet in a point which is equidistant from the 
four verticea of the tetrahedron. 

Bz. 1507, CircumHcribe a sphere about a pvea cuhe. 

Bx. 1508. Circumscribe a sphere about a given rectangular paral- 
lelopiped. Can a sphere be inscribed in any rectangular parallel opiped ? 
ExpMn. 

Ex. 1509. Tind a point equidistant from tour points in apace not all 
in the same plane. 

SPHERICAL POLYGONS 

934. D«f. A line on the surface of a sphere is said to be 
closed if it separates a portion of the surface from the lemaiu- 
ing portion, 

935. Def. A cIoMd figure on the surface of a sphere is a 
fis^e composed of a portion of the surface of the sphere and 
its bounding line oi lines. 

936. Defa. A •pherlcal polygon is a closed figure on the 
surface of a sphere whose boundary is composed of three or 
more arcs of great circles, as ABCD. 




The bounding arcs are called the sides of the polygon, the 
points of intersection of the area are the verUoes of the poly- 
gon, and the spherical angles formed by the sides are the 
angles of the polygon. 
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937. Dsf- A dtagonal of » apberlcal polygon is an arc of a 

great circle joining any two non-adjacent vertices. 

938> D«f. A Bpherloal Mangle is a spherical polygon having 
three sides. 



Ex. 1510, By comparison with the definitions of the corresponding 
terms in plane geomet^, frame exact definitions of the following claHsea 
of spherical triangles : Asalene, isosceles, equilateral, acute, right, obtuse, 
and equiangular. i 

Bz. ISll. With a given arc as one side, constmct an equilateral 
spherical triangle. 

Hint, Compare the cons., step by step, with § 124. 

Ex. 1S12. With three given arcs ae sideB, construct a scalene spheri- 
cal triangle. 

939. Since each side of a spherical polygon is an arc of a 
great circle (§ 936), the planes of these arcs meet at the center 
of the sphere and form at that point a polyhedral angle, as 
polyhedral Z 0~ABCD. 

This polyhedral angle and the spher 

cal polygon are very closely related. /y^ C^y yn\ 

The following are some of the more 
important relations ; the student 
should prove the correctness of each : 

940. (a) The sides of a spherical 
polygon have the same measures as the 
correspondijtg face angles of the poly- 
hedral angle. 

(b) The angles of a spherical polygon have the same ■n 
ns Ike corresponding dihedral angles of the polyhedral angle. 

Thus, sides AB, BC, etc., of spherical polygon ABCD have 
the same measures as face Aaob, BOC, etc., of polyhedral 
Z 0-ABCD j and spherical .4 ABC, BCD, etc., have the same 
measures as the dihedral Z whose edges are OB, oc, etc 

These relations make it possible to establish certain prop- 
erties of spherical polygons from the corresponding known 
properties of the polyhedral ai^le, as in §§ 941 and 942. 
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Pkoposition IX. Theorem 
941. The sum of any two sides of a spherical triangle 
is greater than the third side. 



CMven spherical A ABC. 
To prove AB + BC> CA. 




1. Z AOB + Z BOC > Z COA. 

2. Z AOB "X AB, Z. BOC £ BC, A COA <x CA. 

3. .: AB + BC> CA. Q.E.D. 



. §710. 



3. § 362, b. 



Proposition X. Theorem 
942. TJie Slim of the aides of any spherical polygoi 
less than 360". 




Olven spherical polygon ABC ••• with n sides. 
To prove AB + BC + ■■• <36(y. 
HiKT. See $g 712 and MO, a. 
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Bx. 1513. Id spherical triangle ABC, sac .45 = 4<r and arc BC = 
S(f. Between mhit limita must arc C'A lie ? 

Ex. 1514. Any side of a spherical polygon ia leas than the sum of the 
remaining sides. 

Ex. 1515. If arc AB is the perpendicular bisector of arc GD, every 
point on the surface of the sphere and not in arc AB is unequally distant 
from C and D. 

Bx. 1516. In a spherical quadrilateral, between what limits muat the 
fourth side lie if three sides are 80% 70°, and 80°? if three aides are 40°, 
60°, and 70' ? 

Ex. 1517. Any side of a spherical polygon is less than 180°. 

Hint. See Ex. 1514. 



943. If, with A, B, and C the vertices of any spherical tri- 
angle as poles, three great circles are constructed^ as b'c'XD, 




C'a'D, and SA'b', the surface of the sphere will be divided into 
eight spherical triangles, four of which are seen on the hemi- 
sphere represented in the figure. Of these eight spherical tri- 
angles, A'&'C'is the one and only one that is so situated that A 
and a' lie on the same side of BC, B and B' on the same side of 
A(;, and C and C' on the same side of ab. This particular tri- 
angle A's'tf is called the polar triangle of triangle ABC. 

944. QumUoub. In thefigureabove, a .<1'B'C, thepolarof A.^B0, 
ia entirely outside of A ABC. Can the two A be so conatnicted that : 
(a) J'B'C is entirely within JBP? 
(6) A'B' C ia partly outside of and partly within A^C t 

Bx. 1518. What is the polar triangle of a spherical triangle all of 
whose aides are quadranta ? 
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Proposition XI. Theokem 



945. If one spherical triangle is the pdka- of another, 
then t?ie second is the polar of the first. 




OItbd a A'S'tf the polar of A ABC. 
To prove A ABC the polar of A a'b'C'. 




Arodhbnt 



1. A ia the pole of a'c* ; ».e. A(f is a quad- 
rant. 



:. ac' is a quad- 



2. § 912. 

3. S914. 

4. By steps simi- 

lar to 1- 3. 

5. § 943. 



2. B is the pole of A'(f ; i.e 

rank 

3. .'. C* is thepole of JB, 

4. Likewise B' is the pole of AC, and A' is 

the pole of BC. 
6. .". A ABC is the polar of A A'B'C. q.e.d. 

946. Hlatorioal Note. The properties of polar triangles were dls- 
coTered about 1026 a.d. by Albert Girard, a Dutch mathematician, bom 
in Lorraine about 15S6. They were also digcorered independently and 
about tbe same time by Snell, an " infant prodigy," who at the age of 
twelve was familiar with tbe standard matbematlcal works of that time 
and who is remembered as tbe discoverer of tbe well-known law of 
refraction of light. 

Bz. 1519. Determine tbe polar triangle of a spherical triangle having 
two of its aides quadrants and the third side equal to 70° ; 110°; (90 — a)°; 
(90+8)°. 
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Proposition XII. Theorem 



947. /«■ two polar triangles each angle of one and 
that side of the other of which Us vertex is the jtole are 
together equal, numerically, to 18(T- 



CHTen- polar &. ABC and A'B'(f, with sides denoted by cc, h, c, 
and a', h', c', respectively. 

To prove: (a) Z J+a'=180°, Z fl+6'=180=, ^ C+c'=180°; 
(6) Z-i'+a=180°, ZB'+ft=18<y, Zc'+c=180''. 
(a) Arodmknt Onlt 

1. Let area AB and AC {prolonged if necesaarj) intersect arc 
B'Cf at D and E, respectively ; then C'D ±= 90° and BB'= 90°. 

2. .■. C/B + BB' = 180°. 

3. .-. <fS + ED + ED + DB' = \W\ I.e. ZD + a' = 180°. 

4. But ED is the measure of Z A. 

5. .■.ZJ + a' = 180°. 

6. Likewise Z B + !)' = 180°, and Z C + c' = 180°. q.e.d. 
(6) The proof of (6) is left as an exercise for the student. 
Hint. Let BC prolonged meet ^'B' at Hand A'C nt K. 

948. QneBtion. In the history of mathematics, why are palm tri- 
angles frequently spoken of as aupplftmental triangle* ? 

Bx, 1520. The angles of a spherical triangle are 75°, 66^, and 146°. 
Find the sides of its polar triangle. 

Bz. 1521. If a spherical triangle is equilateral, its polar trian^e is 
equiant'ular ; and conveisely. 
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Pboposition XIII, Theokeu 



949. T?ie sum, of the angles of a spherical triangle is 
greater than 180^ and less than 640^. 





CMven spherical A ABC with sides denoted by a, b, and c. 
To prove Za + Z B + ZC> 180° and < 540°. 



Aroumbnt 

1. Let A A'B'C', with sides denoted by a', 

6', and c', be the polar of A ABC. 

2. Then Z J+a' = 180°, Zb + 6' = 180°, 

Zc + c'=I80°. 

3. .■.Z^ + Zfl + ZC+(a' + 6'+c')=640». 

4. But a' 4- 6' + c' < SeO". 

5. .-.Z^ + Zs+ZolSO'. 

6. Again, a' + ft' + c' > 0°. 

7. .-. Z-i + ZB + Z C< 640°. q.E.D. 



Reasons 

1. §943. 

2. S 947. 

3. § 54, 2. 

4. § 942. 

5. § 54, 6. 

6. § 938. 

7. § 54, 6. 



950. Cor. In a spherical triangle there can be one, 
two, or three right angles; there can be one, two, or three 
obtuse angles. 

961. note. Throughout the Solid Geometry the student's attention 
bas constantly been called to tbe relations between definitions and theorems 
of solid geometry and the corresponding definitions and theoremaof plane 
geometry. la the remaining portion of the geometry of the sphere there 
will likewise be many of these comparisons, but here the student must be 
particularly on his guard tor contrasts as well as comparisons. For ez- 
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ample, while the sum of the angles of a plane triangle is equal to exactly 
180°, he bas learned (§ 04Q) that the sum of the angles of a spherical tri- 
angle ma; be any number from 180° to 540° ; while a plane triangle can 
bave but one right or one obtuse angle, a apherical triangle may have one, 
two, or three right angles or one, two, or three obtuse angles (§ 950). 

If the student will recall that, considering the earth as a sphere, the 
nortl) and south poles of the earth are the poles of the equator, and that 
alt meridian circles are great circlea perpendicular to the equator, it will 
make his thinking about spherical triangles more definite. 

952. D«f. A spherical triangle oontaining two right angles 
is called a btrectangular spherical ttlangle- 



953. Def. A splierical triangle having all of ita angles right 
angles is called a trlrectonEnlar apherical trlangl*. 

Thus two meridians, as NA and NB, making at the north pole 
an acute or an obtuse A, form with the equator a birectangular 
spherical A. If the Z between NA and SB is made a rt. Z, 
A ASB becomes a trirectangular spherical A, 

Ex. 1522. What kind of arcs are NA and NB ? Then what arc 
measures spherical angle ANB ? Are two sides of any birectangular 
spherical triangle quadrants? What is each side of a trirectangular 
spherical triangle ? 

Bx. 1523. If two sides of a spherical triangle are quadrants, the 
triangle is birectangular. (HrNi. Apply | 047.) 

Ex. 1524. What is the polar triangle of a trirectangular spherical 
triangle ? 

Ex. 1925. An exterior angle of a spherical triangle is less than the 
Bum of the two remote interior angles. Compare tliis exercise with § 21.'i. 
Make this new fact clear by applying it to a hfrcctnngnlar spherical 
triangle whose third angle is : (a) acute; (5) right; (c) obtuse. 
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Proposition XIV. Theobem 

954. In equal spheres, or in the same sphere, two spher- 
ical triangles are equal : 

I. // a side and the two a^acent angles of one are 
equal respectively to a side and the two adjacent angles 
of the other; 

II. If two sides and tJie included angle of one are 
equal respectively to two sides and the included angle 
of the other; 

III. If the three sides of one are equal respectively to 
the three sides of the other : 

provided the equal parts are arranged in the same order. 
The proofs are left as exercises for the student. 
Hint, In each of the above cases prove the corresponding trihedral A 
equal (§§ 702, 704) ; and thus show that the spherical & are equal. 

955. Questions. Compare Prop. XIV, I and II, with § 702, T and 
II, and with |g 105 and 107. Could the methods used there be employed 
In g ^64 ? Is the method here suggested preferable ? why ? 

956. Def. Two sphetical poIygoiiB are sjmmetiical if the 
coireaponding polyhedral angles are symmetrical. 



957. The following are some of the properties of symmet- 
rical spherical triangles ; the student should prove the correct- 
ness of each : 

(a) Symmetrical spherical triangles home their porta reapectiwiy 
equal, but arranged in reverse order. 

(b) Thvo isosceles symmetrical spherical triangles are equal. 
Hint. Prove (b) by superposition or by ahowingthat the correspond- 
ing trihedral A are equal. 
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Pbopositiosj XV. Theobeh 
95& In equal spheres, or in the same sphere, two st/m- 
metrical spherical triangles are equivalent. 





Olren symmetrical spherical A ABC and A'B'O' in equal 
spheres O and o*. 
ToproTS spherical A.^fiC'^ spherical A J'f'c'. 

Abgcmeht 

1. LetPandP'bepolesofsmall®through 1. § 908, /t. 

A, B, C, and a', b', C, respectively, 

2. Arcs JBjflC, C^ are equal, respectively, 2. § 957, a. 

to arcs A'B', B'C', C'A'. 

3. .-. chords AB, BC, CA, are equal, respec- 3. § 298, II_ 

tively, to chords A'b', B'C", C'A'. 

4. .-. plane A^BC= plane A^'fl'C*. 4. §116. 

5. .-. Oabc=(Da'b'c'. 5. S324. 

6. Draw arcs of great ® pa, PB, PC, P'a', 

P'b', and P'C'. 

7. Then 



PA = PB = PC = P'a'= p'b'= P't'. 

8. .-. isosceles spherical A^PBaadVp's' 

are symmetrical. 

9. .-. A APB = A A' p'b'. 

10. Likewise A BPC = A B'P'C' and 

A CPA = A C'F'A'. 

11. .-. sphericalAJBC^^spherical Aj'B'C*. 



8. §966. 

9. §957,6. 

10. Bystepssimi- 

lar to 8-9. 

11. § 54, 2. 
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Proposition XVI. Treobem 

959. J» equal spheres, or in the same sphere, two spheri- 
cal triangles are syrn/neirical, and therefofe equivalent: 

I. If a side and the two adjacent angles of one are 
equal respectively to a side and the two adjacent angles 
of the other ; 

II. If two sides and the included angle of one are 
equal respectively to two sides and the included angle 
of the other ; 

III. If the three sides of one are equal respectively 
to the three sides of the other ; 

provided the equal parts are arranged in reverse order. 
The proofs are left as exercises for the student. 
Hint. In each of the above cases prove the corresponding trihedral A 
symmetrical (§ TOO) ; and thoa shon that the spherical A are symmetrical. 

Bx. 1526. The bisector of the angle at the vertex of an iaoscelee 
spherical triangle is perpendicular to tlie base and bisects it 

Ex. 1527. The arc drawn from the vertex of an isosceles spherical 
triangle to the mid-point of the base bisects the vertex angle and is per- 
pendicular to the base. 

Ex. 1528. Stat« and prove the theorems on the sphere correspond' 
ing to the following theorems on the plane : 

(1) Every point in the perpendicular bisector of a line is equidistant 
from the ends of that line (g 134). 

(2) Every point equidistant from the ends of a line lies in the perpen- 
dicular bisector of that line (§ 130). 

(3) Every point in the bisector of an angle is equidistant from the 
sides of the angle (% 263). 

HiKT. In the figure for (3), corresponding to the figure of § 252, dran 
PD i. AB and lay oft BE = BD. 

Ex. 1529. The diagonals of an equilateral spherical quadrilateral are 
perpendicular to each other. Prove. State the theorem in plane geome- 
try that corresponds to this exercise. 

T!t 1530. In equal spheres, or in the same sphere, if two spherical 
triangles are mutually equilateral, their polar triangles are mutually eqtii- 
angular ; and conversely. 
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Pkoposition XVII. Thbobbh 
960. In equal spheres, or in the same sphere, if two 
spherical triahgles are miLtucdly equiangular, they are 
m-utually equilateral, and are either equai or symmet- 
rical. 






I spherical A T and 7' in equal spheres, or in the same 
sphere, and mutually equiangular. 

To prove T and T' mutually equilateral and either equal or 
symmetrical. 

ABGnMSNT Reasoks 



1. Let & P and p' be the polars of A r 

and T', respectively,- 

2. T and T' ate mutually equiangular. 

3. Then P and P' are mutually equi- 

lateral 

4. .-. P and P* are either equal or sym- 

metrical, and hence are mutually 
equiangular. 

5. .*. Tand T' are mutually equilateral. 

6. ,-. T and T' are either equal or sym- 

metrical. Q.E.D. 



1. §943. 

2. By hyp. 

3. S947. 

4. §§ 954, III, 

and 959, III. 

5. § 947. 

6. Same reason 

as 4. 



Bz. 1531. Id plane geometiy, if two trianglea are mutuallf eqol- 
angulitr, what can be snid of them ? Are they equal 7 equivalent t 

Ex. 1532. Find the locus of all points of a sphere that are equidis- 
tant from two given points on the surface of the sphere ; from two given 
points in space, not on the surface of the sphere. 
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961. The base angles 
ire equal- 



Proposition XVIIl, Theokem 

isosceles spherical triangle 




Olven isogcelea spherical A ABC, with side AB = side BC. 
To prove A A^ A 0. 
Hint. Compare with § 111. 

Pkoposition XIX. Theobeh 
962. If two angles of a spJierical triangle are equal, 
the sides opposite are equal, g 




Given spherical A RST with Z K = Z p 
To prove r—t. 

AltOnUBNT 

1. Let A r's't' be the polar of A ftsr. 

2. Zfl = Zr. 



Rbabons 

1. § 943. 

2. By hyp. 

3. § 947. 



4. § 961. 

5. S 947. 
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Proposition XX. Theorem 
963. If two angles of a spherical triangle are unequal, 
the side opposite the greater angle is greater than the 
side opposite the less angle. 




Olven spherical A ABU witli /. A>Z C. 
To prove BC> All. 
Aroumknt 

1. Draw an arc of a great O AD making 

Z 1 = z c. 

2. Then AD = DC. 

3. Bat BD + AD > AB. 

4. .■. BD + DC> AB; i.e. £C> AB. Q.E.D. 



Rbasons 

1. § 908, g. 

2. § 962. 

3. § 941. 



Bx. 1533. In a birect&ngiilar spherical triangle the side included by 
the two right angles is less than, equal t«, or greater than, either of the 
other two sidea, according aa the angle opposite ia less than, equal to, or 
greater than 90°. 

Ex. 1S34. An equilateral spherical triangle is also equiangular. 

Bx. 1535. If twn face angles of a trihedral angle are equal, tbe 
dihedral angles opposite are equal. 

Bx. 1536. State and prove the converse of Ex, 1634. 

Bx. 1537. State and prove the converse of Gs. 1636. 

Bx. 1S38. The arcs biE^ecting the base angles of an isosceles apberi- 
cbI triangle form an isosceles spherical triangle. 

Bx. 1539. The bases of an isosceles trapezoid are 14 inches and 6 
inches and tlie altitude 3 inches ; find the total area and volume of the 
sohd generated by revolving the trapezoid about its longer base as an axis. 

Bx. 1540. Find the total area and volume of the solid generated by 
revolving the trapezoid of Ex. 1630 about its shorter base aa an axia. 
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Proposition XXI. Trboreh 
964. If two sides of a spherical triangle are unequal, 
the an-gle opposite the greater side is greater tiian the 
angle opposite the less side. 




OiTdu spherical A ABC with BC > ab. 

To prove Z A> ^ C. 

The proof ia left as an exercise for the student. 

Hint. Prove by the indirect method. 

965i. Questions. Could Prop. XXI have been proved by the method 
used in § 160? Does reason 4 of that proof hold in spherical 4? See 
Ex. 1525. 



Bx. 1541. If two adjacent aides of a spherical quadrilateral are 
greater, respectively, than the other two sides, the spherical angle included 
between tfae two shorter sides is greater than the spherical angle between 
the two greater aides. 

Hint. Compare with Ex. 163. 

Bx. 1542. Find the total area and volume of the solid generated by 
revolving the trapezoid of Ex, 1539 about the perpendicular bisector of its 
bases aa an axis. 

Ex. 1543. Find tbe radius of the sphere In- 
scribed in a regular tetrahedron whose edge is a. 

Hint. Let O be the center of the sphere, A the 
center of face VBD, and B the center of face EDF. , 
Then OA = radius of inscribed sphere. Show that 
rt. & VAO and VBC are similar. Then VO ■■ VC 
s= FA : FB. rO, VA, and Ffl can be found (Ex. 
1828). Find VO, then OA. 

Bx. 1544. Find the radius of the sphere circumscribed about a regu- 
lar tetrahedron whose edge is a. 
Hdtt. Intbeflgureof EX.154S, draw ADand OZ). 
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MENSURATION OF THE SPHERE 



Akeas 
Proposition XXII. 



Theoseh 



966. If an isosceles triangle is revolved about a straight 
line lyin.^ in, its plane and passing through its vertex but 
not intersecting its surface, the area of the surf ace gener- 
ated by the base of the triangle is equal to the product 
of its prqjeetion on the axis and the circumference of a 
circle whose radius is the altitude of the triangle- 
" X 





Given isosceles A AOB with base ab and altitude OE, a str. 
line XT lying in the plane of A AOB passing through o and 
not intersecting the surface of A AOB, and CD the projection 
of AB on XT; let the area of the surface generated by AB be 
denoted by area AB. 

To i)rove a.ve& AB = CD ■ 2 irOE. 

I. If AB is not II XT and does not meet XT (Eig. 1). 
AftauMBHT Onlt 

1. From Z draw £ffXxr. 

2. Since the surface generated by AB is the surface of a 
frnstum of a rt. circular cone, area AB = AB • 2 irEH. 

3. From J draw Jff±BO. 

4. Then in rt. A BAK and OEU, Z BAK = Z OEB. 
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6. .■- ABAK-^ AOEB. 

6. .•.AB:AK=OB:XB;i.e.AB-gH=AK-Og. 

7. But AK= CD; .: AB .i:h= CD .OS. 

8. .: ^lea AB = CD ■ 2 vOE. q.e.d. 

II. If AB is not II XY and point A lies in XT (Fig. 2). 

III. If JBllxr(Fig. 3). 

The proofs of II and III are left as esercises for the student. 
Hint. See if the proof given for I will apply to Figs. 2 tincl 3. 

967. Cor. I. If half of a regular polygon- with an even- 
member of sides is circumscribed aboui a semicircle, the 
area of the surface generated by its semiperimeter as it 
revolves about the diameter of j^- 

the semicircle as an axis, is eqtwl 
to t?ie product of the diameter 
of the regular polygon and the 
circumference of a circle whose 
radius is B, the ra-dius of the *">! 
given semicircle. 

OcTLiNB OP Proof 

1. Area J'B' = J'J-' ■2xJl; 

area s'c" = f'o' ■2irR; etc. 

2. .■.B.rfaA'B'C'-- = {A'F' + l'0'-\- 




A'E' ■ 2 vR. 



968l Cor. n. If half of a regular polygon with am- even 
nu-jnber of sides is inscribed in a sem-icircle, the area of 
the surface generated by its sem.i- 
perimeter as it revolves about 
the diameter of the semicircle as 
an axis, is equal to the product of 
the diameter of the semicircle 
and the circumference of a circle 
whose radius is the njjothem of 
the regular polygon. 



a.ABC— = AE-2ra. 
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969. Cor. m. // halves of regular polygons ivith the 
same even number of sides are circumscribed about, and 
inscribed in, a semicircle, then by repeatedly doubling the 
number of sides of these pcAygona, and making the poly- 
gons always regular, the surfaces generated by the semi- 
perimeters of the polygons as they revolve about the 
diameter of the semicircle as an axis approach a com- 
m^an limit. 

OCTLINB OF PrOOJ' 

1. If a and s denote the areas of 
the surfaces generated by the semi- 
perimeters a'b'c'-- and ABC--- aa 
the; revolve about A'sf aa an axis, 
then » = J'E'-2xB(§967); 
and 9 = AS-2wa{% 968). 

„ , 8 A'E' ■2irS A'E' R 




3. But polygon a'b'C' 



AE a 

polygon JBC-..(§ 438). 
= ±^ = ^ (g§ 419, 436). 

_^ 
a* 



7. .'. by stepa similar to Args. 6-11 (§ 856), s and s ap- 
proach a common limit. q.e.d. 

970. D«f. The awfaoe of a mphere is the common limit 
which the successive surfaces generated by halves of regular 
polygons with tbe same even number of sides approach, if these 
semipolygons fulfill the following conditions : 

(1) They must be circumscribed about, and inscribed in, a 
great semicircle of the sphere; 

(2) The number of sides must be successively increased, 
each side approaching zero as a limit. 
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Propobition XXIII. Thkorsm 
971. The area of the surface of a sphere is eqiuH to four 
times the area of a ^reat circle of the sphere. 




CMtoh sphere o with its radius denoted by R, and the area 
of its surface denoted by S. 
To prove S = 4 irB*. 



Arouhent 

1. In, the semicircle ACE inscribe ABODE, 

half of a regular polygon with an 
even number of sides. Denote its 
apothem by a, and the area of the 
surface generated by the semiperiine- 
ter as it revolves about AE as an axis 
by s'. 

2. Then Sf = AS.2wa; 

i.e. a'=2 R-2ira = i trUa. 

3. As the number of sides of the regular 

polygon, of which ABODE is half, is 
repeatedly doubled, s' approaches s 
as a limit. 

4. Also a approaches B as a limit. 

5. .'. 4 irA ■ a approaches ivS- S, i.e. 4 n-A', 

as a limit. 

6. But S' is always equal to 4 jrJl ■ a. 

7. .: S = i «-a*. <|.E.D. 



Rbasonb 
1. § 617, a. 



2. §968. 

3. § 970. 



4. §543,1. 

5. § 590. 



6. Arg. 2. 

7. §365. 
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972. Cor. I. Thearecbsof the surfaces of two spheres are 
to each other as the squares of their radii and as the 
squares of their diameters. 

Outline of Pboof 
1. S = 4^J?andS' = 4»fi"; .■.^=1^ = ^. 

2 But ^ = *^ = ^i)l = ^ ■ .- ?- = ^ 
B" 4 B" (2 Rj D" ' S' 1^* 

973. Hlstorloal Note. Prop. XXni is given as Prop. XXXY in 

the treatise entitled Sphere and Cylinder by Archimedes, already spoken 
of in § 609. 

Bx. 154S. Find the surface of a sphere whose diameter is 16 inches. 

Ex. 1546. What will it cost to gild the surface of a globe whose radius 
is 1 J decimeters, at an average coat of j ot a cent per sqaace centimeter ? 

Bx. 1547. The area of a section of a sphere made by a plane 11 
inches from the center is 3600 r square inches. Find the surface of the 

Bx. 1548, Find the surface of a sphere cireumacribed about a cube 
whose edge is 12 inches, 

Ex. 1S49. The radius of a sphere is B. Find the radius of a sphere 
whosesnrface i«twice the surface of thegiren sphere ; one half; one nth. 

Bx. ISSO. Find the surface of a sphere whose diameter is 2 B, and 
the total surface of a right circular cylinder whose altitude and diameter 
are each equal to 2 R. 

Ex. 1551. From the results of Ex. ll>60 state. In the form of a 
theorem, tbe relation ot the surface of a sphere to the total surface of the 
circumscribed cylinder. 

Ex. 1552. Show that, in Ex. 1550, the surface of the sphere is 
exactly equal to the lateral surface of the cylinder. 

974. Historical Note. The discovery of the remarkable property 

that the surface of a sphere is two tliirds of the surface of the circum- 
scribed cylinder (Exs. 1660 and 1651) is due again to Archimedes. The 
discovery of this proposition, and tlie discovery of the corresponding 
proposition for volumes (J 1001), were the philosopher's chief pride, and 
he therefore ashed that a Bgure of this proposition he inscribed on his 
tomb. His wishes were carried out by his friend MareelluiB, (For a 
further account of Arehimedes, read also § 542.) 
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975. DefB. A zona is a, closed figure on the surface of a 
sphere whose boundaiy U composed of the circumferences 
of two circles whose planes are parallel. 

The circumferences forming the 
boundary of a zone are its baaes. 

Thus, if semicircle NSS is revolved 
about 2fS as an axis, arc JB will gen- 
erate a zone, while points A and B 
will generate the bases of the zone. 

976. Def. The altitude of a zone 
is the perpendicular from any point 
in the plane of one base to the plane 
of the other base. 

977. Drf. If the plane of one of the bases of a zone is tan- 
gent to the sphere, the zone is called a zone erf one base. 

Thus, arc NA or arc BS will generate a zone of one base. 

978. Qnestlona. Is the term " zone" used in exactly tbe aame sense 
here as it ia in tbe geography ? Name the geographical zones of one base ; 
of two bases. Name the five circles whose circumferences form tbe 
bases of tbe six geographical zones. Which of these are great circles ? * 




979. Cor. n. The area of a zone is 

of its altiiude and the circumferen 

Odtlinb "OF Peoop 

Let a denote the area generated by 
broken line a'b'c', a by broken line 
ABC, and Z by arc abc; let de, the 
altitude of the zone, be denoted by H. 

Then S = !)'£'• 2 irS; 

8 = i)B ■ 2 7r«. 



tjual to the product 
: of a great circle. 



(See Args. 2-^, 



1.) Then by steps similar to 
39-971, Z = ff-2xff. 



§96 

' Tbe Btadeot will obsi 
HMO in tlia eth« flgnreg. 




™ tilt iba projectlou 



la dlffneDt ftvDi that 
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980. Cor. in. In. etfual spheres, or in the same sphere, 
the areas of two zones are to each other as their altitudes. 

961. QusBtlon. In general, surfaces are to eacb other as the piod- 
UCI8 of two lines. Is % SSO an exception to this rule ? Explain. 

e base is equal to the area ot a 

« generating the zone. 



Ex. 15S3. Tbe area of a zone of oi 
circle whose radius Is the chord of the ai 

Hint. Use §§ 979 and 444, II. 

Ex. 1954. Show that the fonnula of % 971 Is a special case of $ 979. 

Ex. 1SS5. Find tbe at«a ot (he surface of a zone if the distance 
lletween its bases is 8 inches and the radius of the sphere is 9 inches. 

Bx. 1556. The diameter of a sphere is 16 inches. Three parallel 
planes diyide this diameter into four equal parts. Find the area of each 
of tbe four zones thus formed. 

Ex. 1557. Prove that one half of tbe earth's surface lies within 30° 
of the equator. 

Ex. 1558. Considering the earth as a sphere witA radius R, find the 
area of the zone adjoining tbe north pole, whose altitude is ^ ; ^-^ ■ Is 
the one area twice the other ? 

Ex. 1599. Considering tbe earth as a sphere with radius B, find tbe 
area of the zone extending 30° from the north pole ; 60° from the north 
pole. Is the one area twice tbe other ? 

Ex. 1560. Considering the earth as a sphere with radius E, find the 
area of the zone whose bases are parallels of latitude; {a) 30° and iU^ 
from the north pole ; (b) 30° and 46° from the equator. Are the two 
areas equiU ? Explain your answer. 

Ex. 1561. How far from the center of a sphere whose radius is R 
must tbe eje of an obserrer be so that one sixth of the surface of the 
sphere is visible ? 

Hint. Let E be the eye of the observer. 
Then ^B must =:5. Find OB, then use § 443, II. , 




Bx, 1562. What portion of the surface of a 
sphere can be seen if tbe distance of tbe eye of the 
observer from the center of the sphere is 2£ ? 
3S? nR? 

Ex. 1563. The radii of two concentric spheres are 6 inches and 10 
inches, A plane is passed tangent to tbe inner sphere. Find : (a) tbe 
area of the section of tbe outer sphere made by the plane ; (b) the area 
of the surface cut oft of the outer sphere by tbe plane. 
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962. Def. AlnneisaclosedfiguteoD the surface of a sphere 
whose boundary is composed of two 
semicircumferences of great circles, as 
SASB. 

963. DefB. The two semicircumfer- 
ences are called the aides of the lune, 
aa If AS and NBS ; the points of inter- 
section of the aides are called the 
vertlce* of the lune, as Jtf" and S; the 
spherical angles formed at the vertices 
by the sides of the lune are called the 
auglea oi the Itme, as A ANB and B3A. 

904. Prove, by superposition, the following property of lunes: 
In equal »pheres, or in the same sphere, two lunes are equal if 
their angles are equal. 

985. So far, the surfaces considered in connection with the 
sphere have been measured in terms of square units, i.e. square 
inches, square feet, etc. For example, if the radius of a sphere 
is 6 inches, the surface of the sphere is 4x6*, i.e. 144 «■ square 
inches. But, as the sides and angles of a lune and a spherical 
polygon are given in degrees and not in linear units, it will be 
necessary to introduce some new unit for determining the areas 
of these figures. For this purpose the entire surface of a sphere 
is thought of as being divided into 720 equal parts, and each 
one of these parts is called a spherical degree. Hence: 

986. Def. A apbertcal deeree is y^ of the surface of a sphere. 

Now if the area of a lune or of a spherical triangle can be ob- 
tained in spherical degrees, the area can easily be changed to 
square units. For example, if it is found that the area of a 
spherical triangle is 80 spherical degrees, its area is -^^, i.e. J 
of the entire surface of the sphere. On the sphere whose 
radius is fi inches, the area of the given triangle will be ^ of 
144 T square iuuhea, i.e. 16 tt square inches. The following 
theorems are for the purpose of determining the areas of figures 
on the surface of a sphere in terms of spherical degrees. 
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Proposition XXIV. Theorem 
987. The area of a lune is to the area of the surface of 
the sphere as the number of decrees in the an0e of the 
lune is to 360. 




CHven lune naSB with the number of degrees in its Z denoted 

by N, its area denoted by L, and the area of the surface of the 
sphere denoted by S; let O ZO be the great whose pole is N. 



: AB and circnmference SQ are commensurable 



i-ig. 1). 

Let) 



Abouhbnt 
a common measure of arc AB 
and circumference EQ, and suppose 
that m is contained in arc AB r times 
and in circumference EQ t times. 

Then ??^^^ ■'- 

Circumference EQ t 

Through the several points of division 
on circumference EQ pass semicir- 
cumferences of great circles from N 
to S. 

Then lune SASB is divided into r lunes 
and the surface of the sphere into ( 
lunes, each equal to lune NCSB, 
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t 



arc AB 



8 circumference IQ 

7. But are AB is the measure of Z Jf; i. 

it COD tains N degrees. 

8. And circumference EQ contains 360°. 



If 



O-E-D. 



Rbahons 
S341. 



, §64,1. 
§918. 



9. §309. 

inc ommensurable 



II. It arc AB and circumference EQ 
(Fig. 2). 
Tlie proof is left as an exercise for the student 
Hint. The proof U Blmiliu' to that of g 408, n. 

968. Cor. L Tfie area of a lune, expressed in spherical 
degrees, is equal to twice the number of degrees in Us 
angle. 



= ^(§987). 



■ T20 360 



Ex. 1564. Find the area of a tune in Bpherical degrees If its angle 
is 36°. What part is the lune of the entire surface of the sphere ? 
' Ex. ISfiS. Find the area of s. lune in square inches if its angle 1b 42° 
sad the radiua of the sphere is 8 inches. (Use r =^.) 

•TITi 1566. In equal spheres, or in the aame sphere, two lunes are to 
each other as their angles. 

Ex. 1SG7. Two luDes in unequal spheres, but with equal angles, are to 
each other as the squares of the radii of their spheres. 

Ez. 1568. tu a sphere whose radius is S, find the altitude of a zone 
equivalent to a lune whose angle is 46°. 

Bx. 1569. Considering the earth as a sphere with radius B, find the 
area of the zone risible from a point at a height h above the surface of 
the earth. 



969. Def- The apheiloal utc«« of a spherical triangle 
the excess of the Bum of its angles over 180°. 
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Pko POSITION XXV. Theorkh 
990. The area of a spherical triangle, expressed in 
spherical decrees, is equal to its spherical excess. 




§950. 
§958. 
§ 54, 2. 



OtveD spherical A abc with its spherical excess denoted 
by E. 
To prov« area of A ^sc= £ spherical degrees. 



Abgdhbnt 
. Complete the cireumfetencea of which 
AB, BC, and CA are arcs. 

. A ab'c' and a'bc are symmetrical. 
. .-. A AB'C => Aa'tic. 
.: AABO+AAE'c" k= a ABC + a a'bc. 
.:, expressed in spherical degrees, 

A ABC + A ab'c' =c= lune A = 2 A ; 

A ABC + A AB'C = lune B = 2b; 

A ABC + A ABC = lune C = 2c. 
.-. 2aabc+{aabc-k-aab'c+aab'c 

+AABC')=2{A-\-B+C). 
I&uIAABC+AAB'C'+AAB'C+AabC 

= surface of a hemisphere = 360. 
• ■. 2A JflC+360 = 2(J + B + C). 
.-. A^BO+180=i + B + C. 
.'. A ABC={A + B + C)— 180, i.e. E 

spherical degrees. q.e.d. 



6. 


§ 54, 2. 


7. 


S985. 


8. 
9. 
10. 


§.%9. 
5 54,8 
§54,3. 
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99L In § 949 it was proved that the sum of the angles of 
a spherical triangle is greater than 180° and less than 540°. 
Hence the spherical excess of a spherical triangle may vary 
from 0° to 360°, from -whicli it follows (§ 990) that the area of 
a spherical triangle may. vary from yj^ to fJJ of the entire 
BTirface; i.e. the area of a spherical triangle may vary from 
nothing to ^ the surface of the sphere. Thus in a spherical 
triangle whose angles are 70°, 80°, and 100°, respectively, the 
spherical excess is (70° + 80° + 100°) -180° = 70°; i.e. the 
area of the given, triangle is ,% of the surface of the sphere. 

992. Hlatortoal Note. MenelauB of Alexandria (circ. 9S a.d.) 
wrote a treatiee in whicU be describes the properties of spherical triangles, 
although there is no attempt at Iheir solution. The expression for the 
area ol a spherical triangle, as stated in $ UHO, was first given about 1626 
A. 11. by Oirard. (See also § 948.) This theorem was also discovered in- 
dependently by Cavalieri, a prominent Italian mathematician. 



Ex. 1570. If three great circles are drawn, each perpendicular to the 
other two, into how many trirectangular spherical triangles is the surfaoB 
divided ? Then what is the area of a trirectangular spherical triangle in 
spherical degrees ? Test your answer by applying Prop. XKV. 

Bx. 1571. Find tbe area in spherical degrees of a birectangular 
spherical triangle one of whose angles is 70° ; of ah equilateral spherical 
triangle one of whose angles is 80^. What part of the surface of the 
sphere is each triangle ? 

Ex. 1572. The angles of a spherical triangle in a sphere whose sur- 
face has an area of 216 square feet are 96°, 105°, and 130°. Find the 
number of square feet in tbe area of the triangle. 

Ex. 1573. In a sphere whose diameter is 16 inches, find tbe area of 
a triangle whose angles are 70°, 86°, and 120°. 

Ex. 1574. The angles of a spherical triangle ate 60', 120°, and 1(10°, 
and iU area is lOOf square inches. Find the radius of the sphere. (Use 
' = ¥•) 

Ex. 1575. The area of a spherical triangle is 00 spherical degrees, 
and the angles are in the ratio of 2, 3, and 5. Find the angles. 

Ex. 1576, Find the angle (1) of an equilateral spherical triangle, 
(2) of a lune, each equivalent to one third the surface of a sphere. 

Bz. 1577. Find the an^e of a lune equivalent to an equilateral - 
spherical triangle one of whose angles is 81°. 
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Pboposition XXVI. Theorem 
993. The area of a spherical polygon, expressed in 
fipherical degrees, is equal to the sum of its angles dimin- 
islied by ISiT taken as many iinyes less two as the poly- 
gon has sides. _c 




Oivm spherical polygon ABCD ■■• with n aides; denote the 
sum of its angles by r. 

To prove area of polygon ABCD ■-, expressed in spherical 
degrees, = T— (n — 2)180. 

Abguheht BEABOlie 

1- From any vertex such as A, draw all 1. § 937. 
possible diagonals of the polygon, 
forming n — 2 spherical ^, I, II, etc. 

2. Then, expressed in spherical degrees, 

A I = (Z 1 + Z 2 + Z 3) - 180 i 
AII={Z4 + Z6 + Z6)-180; etc 

3. .-. AI + AIH--.. = r-(.i-2)180. 

4. .■. area of polygon ABUD ■■■ 

=T-(n- 2) 180. Q.E.D. 



3. § 54, 2. 

4. § 309. 



Ex. 1S78. Prove Prop. XXV"! by using a figure Bimilar to that used 
in § 216. 

Bz. 1S79. Find the area of a spherical polygon whoee at^les ar« 80°, 
02°, 120°, and 140\ in a aphere whose radius is 8 inches. 

Bz. 1S80. Find the angle »[ an equilateral spherical tnangle equiva- 
lent to a spherical pentagon whose angles are 00°, 100°, 110°, 130°, and 140°. 

Ex. 1581. Find one angle of an equiangular spherical hexagon 
equivalent to six equilateral spherical triangles each with angles of 70°. 
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Ex. 1582. The area of a section of a siihere 03 inches from the e 
ter is 26{l r square ioclies. t'ijid tlie surface of the sphere. 

Bx. 1583. The figure repreeeiiis a sphere 
inacribed in a cylinder, and two cones with 
the bases of the cylinder as their bases and the 
center of the sphere as their venioes. Any 
plane, as BS, ia passed through the figure 
parallel to MX, the plane of the base. Prove 
that the ring between section All of the 
cylinder, and section CD of the cone, is always 
equivalent to the section of the sphere. ■" 

Ex. 1584. Find the volameof a barrel 30 inches high, 64 inches in 
circumference at the top and bottom, and 64 inches in circumference at 
the middle. 

Hint. Consider the barrel as the sum of two fruatuma of cones. 

Bx. 1585. Given T the total area, and B the rsdius of the base, of 
a riglit circular cylinder. Find the altitude. 

Ex. 1586. Given S the lateral area, and B the radius of the base, of 
a riglit circular cone. Find the volume. 

Bx, 1587. Given 8 the lateral area, and T the total area, of a right 
circular cone. Find the radius and the altitude. 



Volumes 

994. ITots. The stadent should not fail to observe the striMng 
similarity in the flgures and theorems, as well as in the definiljons, relat- 
ing to the areas and volumes connected with the measurement of the 
sphere. A careful comparison of the following articles will emphaaize 
this similarity : 



AREAS 


VOLUMES 


AREAS 


VOLUMES 


SB6fl 


§996 


§979 


§§ 1004, 1006 


§§ 967, 988 


§006,0 


§982 


§1006 


§969 


§096,6 


§084 


§1007 


§970 


§996, e 


§987 


§100B 


§971 


§997 


§988 


§1009 


§972 


§999 


§036 


SIOIO 


§976 


§ 1002 


§990 


§1012 


8 977 


§1003 


§993 


§1013 
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Proposition XXVII. Theobeh 
995. If an isosceles triangle is revolved about a straight 
line lyin£ in its plane and passing through its vertex but 
not intersecting its surface, the volume of the solid gener- 
ated is equal to the product of the surface generated by 
the base of the triangle and one third of its altitude. 





Oivea isosceles AAOB with altitude OZ, and a str. line XT 
lyiug in the plane of A AOB, passing through and not inter- 
secting the surface of A AOB; let the volume of the solid gen- 
erated by A AOB revolving about XT as an axis be denoted by 
volume AOB. 

To prove volume AOB = area AB ■ -J OE. 

I. If AB is not II XT and does not meet XT (Fig. 1). 
Arouhemt Ohlt 

1. Draw jc and BO J. xr. 

2. Prolong ba to meet XT at F. 

3. Then volume aob = volume FOB — volume FOA, 
i. Volume FOB = volume fob + volume DOB. 

. 5. .: volume FOB = \'7r^' ■ FD + \-KBff • DO 

= l'n-BD\FD + DO) = iirBD- BD ■ FO. 
G. But BD-Fo = twice area of A fob = bf ■ OE. 

7. .-.volume FOB = \jr BD- bf ■ OE'=-rBD ■ bf • \0E. 

8. But wBD ■ BF = area FB. 

9. ,-. volume FOB = area FB ■ J 0E._ 
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10, Likewise Tolurne FOA = area FA ■ \ OE. 

11. ,-, volume AOB — area FB-\OE— area FA ■ \0X 

= (area fb — area FA) ^ OE 
= area AB • \ OE. 

II. If AB is not II xr and point A lies in xr (Pig. 2). 
The proof is left as an exercise for the student.* 
Hint. See Arg. 9 or Arg. 10 of g e»5, L 

III. If AB 11 xr (Fig. 3). 

The proof ia left as an exercise for the student. 
Hint. Volume AOB = volume ACDB — twice volume GOA. 

996. The student may : 

(a) State and prove the corollaries 
corresponding to §§ 967 and 968. 

(&) State and prove the theorem on the volume of 
:ori-«sponding to S 969. 



r=(areayfl'C-)iil 
= A'E' ■2trR-^R 

^i^ie-A-E- 

(SS 996, a and 967). 
v=(area ABC---)^a 
= AZ ■2jra- ^a 
= ^va'AE 

(§5 996, a and " 
r_ jirtf'--i'j' ^tf' a'e' 



the volume of a sphere 




4. Proceed as in § 855, observing that since the limit of 
a = fl (§ 543, I), the limit of a==fl^(§ 693); i.e. fl»-a» may- 
be made less than any previously assigned value, however 
small. 

(c) State, by aid of § 970, the definition of the volume of a 
■ph«to. 
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Proposition XXVIII. Theobeh 
997. The vcAume of a sphere is equal to the product 
of the area of its surface and one third its radius. 




GlT«n sphere O with its radius denoted by R, the area of its 
surface by 8, and its volnme by F. 
To prove V=S-\It. 

RsABOns 

In the semicircle ace inscribe abcde, 1, § 517, a. 
half of a regular polygon with an even 
number of sides. Denote ite apothem 
by a, the area of tbe surface generated 
by the semiperimeter as it revolves 
about AE as an axis by s', and the vol- 
nme of the solid generated by semi- 
polygon ^BCOB by y. 

Then V* = S* ■ J a. 

As the number of sides of the regular 
jjolygon, of which ABODE is half, is 
repeatedly doubled, V approaches V 

o s' approaches S as a limit. 4. § 970. 

And a approaches « as a limit. 6, § 643, L 

I approaches 5 • il as a limit. 6. 

.\S' ■ ^a approaches S- ^flasalimit. 7. § 590. 

8. But F* is always eqnat to S' ■ ^a. 8. Arg. 2. 

9. § 355. 
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996. Cor. L If V denotes the volume, s the radius, and 
D the diameter of a sphere, 

999. Cor. n. The vcAumes of two spheres are to each 
other as the cubes of their radii and as the cubes of their 
diameters. (Hint. See § 972.) 

1000. Hlatorioal ITote. It is believed that the theorem of 3 990 
was proved as early as the middle of the fourth century b.c. by Eudoxus, 
a great Atheuiaa mathematician already spoken of in §g 809 and 800. 



Ww 1588. Find the volume of a sphere inscribed In a cube whose 
edge is 6 inches. 

Bx. 1589. The volome of a sphere is I774J r cubic centimet«rs. Find 
its surface. 

Ex. 1590. Find the radius of a sphere equivalent to a cone with alti- 
tude a and radius of 1>ase b. 

Bx. 1591. Find the radius of a sphere equivalent to a cylinder with 
the same dimensions as those of the cone in Ex. 1590. 

Ex 1992. The metal cone and cylinder in the figure have their alti- 
tude and diameter each equal to 2 if the diameter of the sphere. Place 




the sphere in the cylinder, then fill the cone with water and empty it into 
the cylinder. How nearly is the cylinder filled ? Next fill the cone with 
water and empty it into the cylinder three times. Is the cylinder filled ? 

Ex. 1593. From the results of Ex. 1692 state, in the form of a 
theorem, the relation of the volume of a sphere: (a) to the volume of a 
circumscribed cylinder; (6) to the volume of the correeponding cone. 
Prove these statements. 

lOOI. Hlatorioal Hots. The problem "To find a sphere equivalent 
Co a given cone or a given cylinder " (Ess. 1690 and 1691), as well as the 
properties that the volume of a sphere is two thirds of the volume of the 
circumscribed cylinder and twice the volume of the correxponding cone 
(Exs. 1602 and 1603), are due to Archimedes. The importance attached 
to this by the author himself is spoken of more fully in §g 642 and 974. 
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Ex. 1594. A bonl whose Inner surface is an exact hemispbera is 
made to hold J gallon of water. Find the diameter of the bowl. 

Bx. 1595. A sphere 12 inches in diamewr weighs U3 pounds. Find 
the weight of a sphere of the same material 16 inches in diameter. 

Elx. 1596. Iti a certain sphere the area of the surface and the volume 
have the same numerical value. Find the volume of the sphere. 

Ex. 1597. Find the volume of a spherical shell 6 inches thick if the 
radius of its inner surface ia 10 inches. 

Ex. 1598. A pine sphere 21 inches in diameter weighs 1T6 pounds. 
Find the diameter of a sphere of the same nuaterial weighing 50 pounds. 

Ex. 1599. The radius of a apliere is B. Find the radius of a apiere 
whose volume is one half the volume of the given sphere ; twice the vol- 
ume ; n times the volume. 

1002. Defa. A spheiloal Bsotor is a solid closed figure gen- 
erated by a sector of a circle revolving about a diameter of the 
circle as an axis. 




The zone generated by tlie arc of the circular sector is called 
the base of the spherical sector, 

1003. Def. If one radius of the circular sector generating 
a spherical sector is a part of the axis, i.e. if the base of the 
spherical sector is a zoue of one base, the spherical sector is 
sometimes called a apheiloal cone. 

Thus if circular sector AOB (Fig. 1) revolves about diameter 
CD as an axis, arc AB will generate a zone which will be the 
base of the spherical sector generated by circular sector AOB 
(Fig. 2). If circular sector HOC revolves about diameter CO, 
the spherical sector generated, whose base is tJie zone generated 
by are BC, will be a spherical cone (Fig. 3), 



b, Google 



1004; Cor, m. Ths volume of a spherical sector is 
equal to the product of Us base and one third the radius 
of the sphere. 

Outline of Pboop 

Let F denote the volume generated by polygon OA'B'cf, v the 
volume generated by polygon OABC, s the area of the surface 
generated by broken line A'b'C, a the 
area of the surface generated by 
broken line ABC, and Z the base of 
the spherical sector generated by cir- 
cular sector AOC. 

Then v = a.\R, a.Tidv = 3'^a. J 

■ Z=lll3 = ? * 
■■v s.^a To' 



But^ 



■- (Args. 2-6, § 9 




Then by steps similar to § 996, ft and c, and § 997, the 
volume o£ the spherical sector generated by cii-cular sector 
AOC^Z-\R. 

1005. Cor, rv. If V denotes the volume of a spherical 
sector, z the area of the zone forming ita base., if the alti- 
tude of the zone, and R the radius of the sphere, 

F^z-is (S1004) 

= (H ■ 2 wB)i S (§ 978) 

Ex. 1600. CouBidering the eartU as a sphere with radius B, find the 
volume of the apherical eector whose base is a, zone adjoining the north 
pole and whose altitude iB^; =^- Is the one volume twice the other? 
Compare your results with tliose of Ex. 1658. 

Ex. 1601. Considering the earth aa a sphere with radius B, find the 
volume of the spherical sector whose base is a, zone extending : (a) 30° 
from the north pole; (ft) S0° from the north pole. Is the one volume 
twice the other ? Compare your Teenlls with thoee of Ex. 16&0. 
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Bac. 1602. Cons[dering tbe eartb aa a sphere with radius B, find the 
volume of the spherical sector whose base is a zone lying between the 
parallels of latitude : (a) 30^ and \b° from the iiocib pole ; (b) 30° and 
4f>° from the equator. Are ibe two volumes equal ? Compare jour 
results with those of Ex. 1660. 

^x. 1603. Considering the earth as a sphere with radius S, find tbe 
area of the zone whose bases are the circumferences of small circles, one 
80° north of the equator, tbe other 30° south of the equator. What part 
of the entire surface is this zone ? 

Bx. 1604. ' What part of tbe entire volume of the earth is that por- 
tion included between the plalies of the bases of the zone in Ei.>1603 ? 

Hint. This volume consists of two pyramids and a spherical sector. 

Bx. 1605. A spherical shell 2 iiicties in thickness contains the same 
amount of material as a sphere whose radius is 6 inches. Find the radius 
of tbe outer surface of tbe shell. 

Bz. 1606. A spherical shell 3 inches thick has an outer diameter of 
16 inches. Find the volume of the shell. 

Bx. 1607. Find the volume of a sphere circumscribed about a rec- 
tangular parallelepiped whose edges are 3, 4, and 12. 

Bx. 1608. Find the volume of a sphere Inscribed in a cube whose 
volume is 686 cubic centimeters. 

Bx. 1609. The surface of a sphere and the surface of a cube are each 
equal to 8. Find the ratio of their volumes. Which is the greater P 

Bx. 1610. In a certain sphere tbe volume and the circumference of a 
great circle have the same nuraerieal value. Find tbe eurfaceand the vol- 
ume of the sphere. 

' Bz. 1611. How many bullets \ of an inch In diameter can be made 
from a sphere of lead 10 inches in diameter ? from a cube of lead whose 
edge is 10 inches? 

1006. Dqfs. A apherioal wedge is a solid closed figure whose 

boundiug surface consists of a lune and the planes of the sides 
of the lune. 

The lune la called the base of the spherical wedge, and the 
angle of the lune the angle of tbe aplierioal wedge. 

1007. Prove, by superposition, the following property of 



Jn equal spheres, or in ike same sphere, two spherical wedges 
ire equal if their angles are equal 
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Proposition XXIX. Theorem 
1006. The volume of a spherical wedge is to the volicme 
of the sphere as the number of degrees in the an^le of 
the spherical wedge is to 360. 




Qiven spherical wedge NASB with the iiiimher of degrees in 

its /. denoted by N, its volume denoted by w, and the volume 

of the sphere denoted by V; let O JO be the great O whose 

pole is N. 

^ N 
To prove — = - — -. 
K 360 

The proof is left as an exercise for the atudenl. 

Hint. TEie proof Is Biinilar to that of § 987. 

1009. Cor. I. The volume of a spherical wedge is 
equal to the product of its base and one third the radius 
of the sphere. 

OoTLiNB or PaooF 



.-. W = - — - V = —— ■ s ■ i « = L - 4 A where S represents 
360 360 ^ ^ ' ^ 

the area of the surface of the sphere, and L the area of the 
lune, i.e. the area of the IxiKe of the spherical wedge. 



Bx, 1612. In n j^pht-re whnxe radius is 16 Inches, find the volume of 
& spherical wedge whose angle is 40°, 
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KOjO. Beta. A spherical pTTamid is a solid closed figure 
whose bounding surfa<;e consists of a spherical jjolygon and 
the planes of the aides of the spherical 
polygon. The spherical polygon ie 
the baie, and the center of the sphere 
the vertex, of the spherical pyramid. 

lOU. By ooniparison with § 967, b 
and § 958, prove the following prop- 
erty of spherical pyramids: 

In equal spheres, or in the same sphere, 
two triangular spherical pyramids kIiosb 
bases are si/inmetrical spherical triangles are equivalent. 

1012. Cor. n. The volume of a spherical triatvgidar 
pi/raTnid is equal to the product of its base and one third 
the radius of the sphere. 

Outline of Proof 

1. Pyramid o-AB'(f =o= pyramid 
0-A'BC (^1011). 

2. .: pyramid 0-ABC + pyramid 
O-AB'cf =s= wedge A =2 A ■ ^ a 
(§1009); pyramid o~abc + pyra- 
mid 0-AB'C= wedge b=2b-\R; 
pyramid t>-JBC -f pyramid 0-J£C' 
= wedge C=2c -^S. 

3. .'. twice pyramidO-JBC + hemispoere = 2(J + B + C)^fl. 

4. .-. twice pyramid 0-ABC + 360 ■ ^ « = 2(^ + 5 + (?) i Jt 
6. .-. pyramid 0-ABC = (A + B + C — 180) \ S 

= A ABC . ^ B = fi ■ ^ «. Q.E.I). 

1013. Cor. m. The volume of any spherical pyramid 
is c//ual to the product of Us base and one third the ra- 
dius of the sphere. (Hint. Compare with §805.) 

Ex. 1613. Show that the tormula of § 997 is ft special case of g$ 1004, 
inonand 1013. 

Ex. 1614. In a sphere nhose radius Is 12 inches, find Uie yolume of 
a spherical pyramid whose base is a triangle with angles 70°, 60°, and 90°. 
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HISCELLAITEOnS EXERCISES OK SOLID GEOHETRT 

ZbE. IfilS. A apherical pyramid whose base ia an equiaogular penta- 
gon is equivalent to a wedge whose angle Is 30°. Find an angle of the 
base of the pyramid, 

Ex. 1G16. The volume of a spherical pyramid whose base la an equi- 
angular spherical triangle with angles of 106° is 128 ir cubic inches. Find 
the radius of the sphere. 

Ex. 1617. In a sphere whose radius is 10 inches, find the angle of a 
spherical wedge equivalent to a spherical sector whose base has an alti- 
tude of 12 inches. , 

Ex. 1618. Find tlie depth of a cubical tank that will hold 100 gallons 
of water. 

Ex. 1619. The altitude of a pyramid is K, At what distance from 
the vertex must a plane be passed parallel to the base bo that the part cut 
off is one half of the whole pyramid ? one third ? one nth ? 

f^r 1620. Allowing 650 pounds of copper to a cubic foot, find the 
weight of a copper wire J of an inch in diameter and 2 miles long. 

Ex. 1621. Disregarding quality, and considering oranges aa spheies, 
i.e. aa similar solids, determine which is the better bargain, oranges 
averaging 2J inclies in diameter at 16 cents per dozen, or oranges averaging 
3j inches in diameter at 30 cents per dozen. 

Ex. 1622, In the figure, B, C, and D are 
the mid-points of the edges of the cube meet- 
ins at A. What part of the whole cube is the 
pyramid cut off by plane BCD ? ' 

Hint, Consider ^BCas the base tmdDas 
the verier of the pyramid. 

Ex. 1623, Is tlie result of Ex, 1622 the 
same if the figure is a rectangular parallelopiped ? any parailelopiped ? 

Ex. 1624. It is proved in calculus that In order that a cylindrical tin 
can closed at the top and having a given capacity may require the small- 
est poaaible amount of tin for its construction, the diameter of the base 
must equal the height of the can. Find the dimensions of such a can 
holding 1 quart ; 2 gallons. 

Ex. 1625. A cylindrical tin can holding 2 gallons has its heiglit equal 
to the diameter of its base. Another cylindrical tin can with the same 
capacity has its height equal to twice the diameter of its base. Find the 
ratio of the amount of tin required for making the two fans. Is yonr 
answer consistent with the fact contained in Ex. 1024 !■ 
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Ex. 1626. A cannon ball 12 incbesindiameterlBinelted, and the lead 
is cast in the form of a cube. Find the edge of the cube. 

Bx. 1627. The cube of Ex. 1026 Is melted, and the lead is cast in the 
form of a cone, the diameter of whose base is 12 inches. Find the altitude 

Ex. 162B. Find the ireight of the cannon ball In Ex. 1026 if a cubic 
foot of iron weighs 460 ponnds. 

Ex. 1629. The planes determined by the diagonals of a cube divide 
the cube into six equal pyramids. 

Bi. 1630. Let 2>, E, F, and (? be the mid-points of VA, AB, BO, 
and CV, respectively, of triangular pyramid V-ABC. Prove DEFG a 
parallelogram. 

Ex. 1631. In the Rgure, is plane DEFG par- 
allel to edge .^C? to edge Ffl ? Prove that any 
section of a triangular pyramid made by a plane 
parallel to two opposite edges is a parallelogram. 

Ex. 1632. The three lines joining the mid- 
points of the opposite edges of a tetrahedron bisect 
each other and hence meet in a point. " 

Hint. Draw DFand EG. Are these two of the required lines? 

Ex. 1633. In a White Mountain two-quart ice cream freezer, the 
can is 4} inches in diameter and 6j inches high ; the tub is OJ inches in 
diameter at the bottom, 6 inches at the top, and 9} inches high, inside 
measuremenls. (a) Does the can actually hold 2 quails ? {b) How 
many cubic inches of ice can be packed about the can P 

Ex. 1634. Find the total area of a regular tetrahedron whose alti- 
tude is a centimeters. 

Ex. 163S. The lateral faces of a triangular pyramid are equilateral 
triangles, and the altitude of the pyramid is 6 inches. Find the total area. 

Ex. 1636. In the foundation work of the Woolworth Building, a &6- 
story building on Broadway, New York City, it was necessary, in order 
to penetrate the sand and quicksand to bed rocli, to sink the caissons that 
contain the huge shafts of concrete to a depth, in some instances, of 131 
feet. If the largest circular caisson, 19 feet in diameter, is 130 feet deep 
and was filled with concrete to within 30 feet of the surface, how many 
loads of concrete were required, considering 1 cubic yard to a load? 

Ex. 1637. From A draw a line meeting line XY m B; let O be the 
mid-point of AB. Find the locus of C as B moves in line ZT. 

Ex.1638. IiiEx. 16:iT,letxybeapIane. Find the locus of C as B 
moves arbitrarily in plane X¥. 
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Ex. 163S. A granite shaft in the form of a [rustum of a . square 
pyramid contains 161j cubic feet of granite ; the edges of the bases are 4 
feet and 1} feet, respectively. Find the height of the ahcift. 

Bz. 1640. The volume of a regular square pyramid is 42| cubic feet ; 
its altitude is tnice one side of the base, (a) Find the total surface of 
the pyramid ; (6) find the area of a section made by a plane parallel to 
(he base and one foot from the base. 

Bx. 1641. Allowing 1 cubic yard to a load, find the number of loads 
of earth in a railway cut } mile In length, the average dimensions of a 
cross section being aa represented in the figure, ^, 

the numbers denoting feet Give the name of 
the geometrical solid represented by the cut. 
Wliy is it not a frustum of a pyramid ? ^ !■ 

Bx. 1642. ForprotectEonagainst Are, a tank in the form of a frustum 
of a Tight circular cone wa^ placed in the tower room of a certain publio 
building. The tank is 10 feet in diameter at the bottom, 12 feet in di- 
ameter at the top, and IS feet deep. If the water in the tank is never 
allowed to get leas than 14 feet deep, how many cubic feet of water would 
be available in case of an emergency ? how many liarrels, counting i\ 
cubic feet to a barrel ? 

Bx. 1643. A sphere with radius B is inscribed in a cylinder, and the 
cylinder is tascribed in a cube. Find ; .(o) the ratio of the volume of 
the sphere to that of the cylinder ; (b) the raUo of the cylinder to the 
cube ; (c) the ratio of the sphere to the cube. 

Ex. 1644. A cone has the same base and alUtude as the cylinder In 
Ex. 1S43. Find the ratio of the cone : (a) to the sphere ; 0) to the 
cylinder; (c) to the cube, 

Bx. 1645. In a steam-heated house the heat for a room was supplied 
by a series of 10 radiators each S feet high. _, 

The average cross section of a radiator Is y-j iiiN 

shown in the figure, the numbers denoting V i ' 'J J 

Inches. It consists of a rectangle with a "i 

semicircle at each end. Find the total radiating surface in the room. 

Bx. 1646. A coffee pot is 6 Inches deep, 4^ Inches in diameter at the 
top, and 5\ inches in diameter at the bottom. How many cups of coHee 
willithold, allowingScupB toaquart ? (Answerto nearest whole number.) 

Bx. 1647. Any plane passing through the center of a parallelopiped 
divides it into two equivalent solids. Are these solids equal ? 

Bx. 1648. From two points, P and Jt, on the same side of plane AS, 
two lines are drawn to point in plane AS, making equal angles with 
the plane. Find the locus of point O. (Hiht. See Ex. 1237.) 
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Bx. 1G49. A factory chimney ie In tbe fonn of a frustom of a r^u- 
lar square pyrtunid. The chlnmey ie 120 feet high, and the edges of its 
bases are 12 feet and S feet, respectively. The flue is 6 feet square 
throughout. How many cubic feet of mateiial does the chimney contain? 

Ex. 1G50. Find the edge of the largest cube that can be cot from a 
regular square pyramid whose altitude is 10 inches and odg side of whose 
base is 6 inches, if one face of tbe cube lies in the base of the pyramid. 

Bx. 1691. Fig. 1 represents a granite monument, tbe oumlmrs 
denoting Inches. The main part of the stone ie 6 feet high, the total 
height of tbe stone being 5 feet 6 inches. Fig. 2 represents a view pf 




\ 




/ 






B 


B \l 



the main part of the stone loolcing directly from atiove. Fig. 3 repre* 
Bents a view of the top of the stone looltliig directly from atwve. Calcu- 
late tbe volume of tbe stone. 

Hint. From Fig. 2 it is seen that tbe main part of the stone con- 
sists of a rectangular parallelopiped A, four right triangular prisms B, and 
a rectangular pyramid at each comer. Fig. 3 shows that the top con- 
sists of a right triangular prism and two rectangular pyramids. 

Bx. 1652. The monument in Es. 1651 was cut from a solid rock in 
tbe form of a rectangular parallelopiped. How many cubic feet of granito 
were vfaslcd in tlie cutting? 

Bx. 1693. In the monument of Ex. IdSl the two ends of tbe main 
part, and the top, have a rock finish, the front and rear surfaces of the 
main part being polished. Find tbe number of square feet of rock 
finish and of polished surface. 

Bx, 1694. Tbe base of a regular pyramid is a triangle inscribed in a 
circle whose radius is S, and the altitude of the pyramid is 2JJ. Find the 
lateral area of the pyramid. 

Bx. 16S5. Find tbe weight in pounds of tbe water required to flii the 
tank in Ex. 132S, it a cubic foot of water weighs 1000 ounces. 
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Ex. 1656. By using tbe formula, obtained In Es. 1643, flod the vol- 
ume of the sphere inscribed in a regular tetrahedron whose edge is 12. 

Bx. 1657. By using the fonnula obtained In Ex. 1544, find the Tolume 
of tbe sphere circumscribed about a tegular tetrahedron wboee edge Is 12. 

Ex. 1658. A hole H inches in diameter was bored 
through a sphere 10 inches in diameter. Find tbe vol- 
ume of the part cut out. 

Hint. The part cut out consists of two spherical 
conea and the solid generated by revolving IsoBoelee A 
BOC about Xr as an aiia. 

Ex. 1659, Check your result for Ex. 1668 by 
finding the volume of the part left. 

Bz. 1660. Find the area of the spherical surface left in Ex. 1058, 

Bz. 1661. Four spheres, each with a radius of 6 inches, are placed 
on a plane surface in a triangular pile, each one being tangent to each of 
the others. Find the total height of tbe triangular pile. 

Ex. 1662. Find tbe total height of a triangular pile of spheres, each 
ivitb radius of 6 inches, if there are three layers; four layers; n layers. 



FORMULAS OF SOLID GEOMETRY 
1014. In addition to the notation given in § 761, the follow- 
ing will be used: 
A, B, C, ••• = number of degrees in H= altitude of zone or spherical 



of 
spherical polygon. 

= sides of a spherical 
polygon. 

= base of spherical sec- 
tor, wedge, and 
pyramid. 

= circumference of base 



in 



il or of 
e of frus- 
tum of cone, 
c = circumference of up- 
per base of frustum 
of cone. 
■) — diameter of a sphere. 
1 = spherical excess of a 
apherical triangle. 



Ks area of a spherical triangle or 

spherical polygon. 
L = area of lune. 
N = number of degrees In the angle 

of a lune or wedge, 
B — radius of base in general, of 

lower base of frustum of 

r = radius of upper base of frustum 
of cone. 

S = axtn of surface of a sphere. 

T = sum of the angles of a spheri- 
cal polygon. 
W = volume of a wedg§. 



laof a 
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FiaUBB 


FORMULA 


KBFEBEKCE 


Prism. 


S = PB. 


§762 


Kight prism. 


S=P- H. 


8763 


Uegular pynunid. 


8=\P-L. 


§766 


Frastum of regular pyramid. 


A' = l(P+?)i- 


§787 




r = <i.6.c. 


§778 


Cube. 


v=E*. : 


§779 




V 'a-b c 

V a' . 6' . 6' 


§780 




V=BH: 


§782 




V BE 

V B-H- 


§783 




V=BB. 


§790 


FarallelopipedB. 


V BE 

V B' ■ H' 


§793 




V=BB. 


§797 


Any prism. 


V=BH. 


§700 


Prisms. 


V _ B.H_ 
¥• B' ■ B' 


§801 


Triangular pyramid. 


V=\B-II. 


§804 


Any pyramid. 


V=\B-B. 


§805 


Pyramids. 


V _ B-B 

V B'-H'' 


§807 




V E' 

V E'"' 


S812 


Fmatuin of any pyramid. 


V= J ff(B + 6+v'B 


~b). 5 815 


Truncated right triangular prism. 


V=\B{E+E' + E 


). §817 


Bight circular cylinder. 


8=C-S. 


§858 




S=2wBB. 


§859 




T = 2,rB(,B+Ii). 


§869 



Similar cylinders of revolution. 



Right circular cone. 



Similar cones of revolution. 



= iC-L. 
= T B . L. 

^ B^ _ i^ _jr' 



§878, 
§875. 
§875. 
§878. 
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FIGCRR 

Similar coats of reTolnUcni. 
Fmstam of li^t ciimlar c(H>e. 

j C ylinder with cirodar liiw ii 

SimilAT cjliodera of rerolDtioa. 
'^ 'Cone with inrcnlaz baae. 

Similar cones (rf rendotion. 
' Fmstain of cone with circnlartMse. 

Spherical trian^. 

Spherical polygon. 

Polar triangles. A 

Spherical trian^e. A 

Sphere. 

Spheres. 



Spherical triangle. 
Spherical polygon. 
.' -Sphere. 



Spherical sector. 

Spherical wedge. 

Spherical trianpilar pyramid. 
Any spherical pyramid. 



_s* _e _B* 



T H"* £« fi'i" 


JO.O. 


S=H^C-\-r)L. 


5882. 


S=wL{B-Vr). 


S8S3. 


r=^i(/f+r)+,(B'+,«). 


S88S, 


y=B-H. 


S889. 


r^rm-H. 


§890. 


r fl" B» 








I" H'* JB"' 




r~iBH. 


sssa. 


r = j»jp .ff. 


§885. 


V B* L* P 




v^=W*=Tr' = B^ 


§897. 


r=(H(B+6+ vB.6). 


§808. 


r=lrH(B' + H + ff.r). 


§899. 


a + 6>t 


§M1. 


a + 6 + e + ...<360°. 


§W2. 


+ a' = )80^.B+6' = 180%.- 


SWT. 


+ B+ C> 180^ and < 540°. 


§»49. 


S = 4»fii. 


§871. 


S'' B^ £» 




S'~ii'i jyt' 


§972. 


Z^H-2rR. 


§979. 


z s 




z<~ w' 


§980. 


L_ y 




S 380' 


§987. 


L=2X. 


§988. 


K=(A^B + 0-\il»=B. 


§m)0. 


K=T~in-2)\m. 


§993. 


v=a.\B.- 


§997. 


. r=t»ji»=i»ij».. 


§908. 


V W D^ 




v R" m 


§999. 


V^Z.\B. 


§1004. 


V = \,^.H. 


§1006. 


W N 




V 3«0' 


§1006. 


W=LiB. 


§1009. 


V^K-iB. 


§ 1012. 


r=KiB- 


§ lOI.J. 
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SOLID GEOMETRY 



APPENDIX TO SOLID GEOMETRY 

SPHERICAL SEGMENTS 

Ids. Defa. A ipheiioal segment is a solid closed fi^re 

whose bounding surface consists of a. zone and two parallel 

planes. 




Spherical Segmeut uf Two Bases Spherical Segment of One Base 
The sections of the sphere formed by the two parallel planes 
are called the boMa of the spherical segment. 

1016. Dafa. State, hy aid of §§ 976 and 977, definitions of: 
(a) AlUtud* of a Bpberioal aegment. (b) Segment of one base. 

Proposition I. Problem 

1017. To derive a formula for the volume of a spher- 



ical segment in terms 
Us altitude. 



the radii of its bases and 




Given spherical segment generated by ABCD revolving about 
EF as an axis, with its volume denoted by V, its altitude by /i, 
and the radii of its bases by r, and r,, respectively. 

To derive a formula for V in terms of )■„ r^ and h. 
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APPENDIX 475 

Draw radii OC and OD. Then V= volume of spherical seotor 
generated by COD + volume of coue generated by BOC — vol- 
ume of cone generated by AOD. 

Denote OA by k, and the radius of the sphere by JL 

But «* = ri' + ifc= ; and fl* = r,* + \Ji + i)\ 

Solving these two equations for tf and k, 

^ k' + r,* + Tt' + 2 r,^h'- + 2 r,-/<- - 2 r,V r/-n'-ft' 

IOIBl Cot. I. Problem. To derive a formula for tlie 
volume of a spherical segment of one base: 

(a) In terrrhsof its altitude and the ra/1i us nfiis base; 
(ft) In terms of its aititude and tJieratliusofihespJiere. 

(a) In § 1017, put r,=0; then r=i,r/ft+ J »ft'. 

(b) If A represents the altitude of a segment of one base, 
and fj the radius of the base, then r/ = 7t (2 fi — A). § 443, I. 

.-. F=^»A(2fi-A)A + J^irft* = Wi-(«-|fi). I1.E.F. 

Ex. 1663. A dumb-bell consists of Uie major portion of a spbere 
with diameter G inches attached to each end of a rigbt circular cylinder 
12 inches long and 2 inches in diameter. Find the volume of tUe segment 
cut from each sphere ia fitting It to the cylinder. 

Bx. 1664. By means of the formulas given in §§ 1017 and 1018, sol\-e 
Exs. 1004 and ICSS. 

THE PRISMATOID 

1019. Def. A prismatcdd is a polyhedron having for bases ' 
two polygons in iKii-allel planes, and for lateral faces ti-iangles 
or trapezoids with one side lying in one base, and the opposite 
vertex or side lying in the other base, of the polyhedron, 

1020. D«<. The altitude of a piismatoid is the length of 
the perpendicular from any point in the plane of one Imse to 
the plane of the other base. 
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Proposition II. Froblbu 
10 2 1. To derive a formula for the volume of a 




Oivan prismatoid CF with its Tolume denoted by V, its lower 
base by B, its upper base by h, its altitude by S, aud a section 
midway between the bases by M. 

To deilTe a formula for Y in terms of B, fc, ff, and Jf. 

If any lateral face as ^J) is a trapezoid, divide it into two A 
by diagonal AD, intersecting nk at L. 

Let F be any point in M and join it to all vertices of the 
prismatoid. This will divide the prismatoid into pyramids 
having their vertices at F and having for their bases B, b, and 
the triangles forming the lateral faces of the prismatoid. 

The volume of pyramid P-B=^ S ■ ^ H=^ H ■ B; and the 
volameof pyramid P-b = i b-^ff = iH-b. g 805. 

Consider pyramid p-ADC. Draw FK, FL, and LC (Fig. 2). 
This divides pyramid P-ADC into three pyramids, d-klp, 
0-KLP, and F-ALC. Denote A KLP by mi,- 

Tlien volume of pyramid D-ELP = ^B-mi; and the vol- 
ume of pyramid C-KLP=s^ H-m.^. § 805. 



Pyramid P-ALC 



A ALC , , A ALC AC 
; but — — — 



Pyramid P-CLK (i.e. C-KLP) A clk' A CIK~ 
.-. pyramid P-JtC=o= twice pyramid C-KLP. 
.'. volume of pyramid P-.JLC = J H ■ m,. 

L,;-Z-lv.G00g[c 



.■. pyramid P-ADC= J- ir-»i|+^ff-m| + Jfl-t)ti = ^H-4nii, 

.*, the volume of all lateral pyramids =:^ if-4 Jf. 

■ ■■ r=|g.J+|g. 6+^if.4if=^ g(fi + & + 4jK). Q.E.P. 

EX. 1665. By subatltuting in llie prlamatoid formula, derive tbe 
formula for : (a) the volume of a prism (§ 799) ; (6) the volume of a 
pyramid (§ 605) ; (c) the volume of a frustum of a, pyramid (§ 816). 

Xtz. 1666. Solve Ex. 1651 b; applying the prismatoid tonnula to 
each part of the mouument. 

SIMILAR POLYHEDRONS* 

1022. The student should prove the following : 

(a) Any two homologous edges of two similar polyhedrons have 
tJie same ratio as any other tieo homologous edges. 

(b) Any two homologous faces of two similar polyhedrons have . 
the same ratio as (lie squares of any two homologous edges. 

(c) Tlie totai surfaces of two similar polyhedrons have the 
same ratio as the squares of any two homologous edges. 

1023. Del. The ratio of slmUltudo of two similar polyhe- 
drons is the ratio of any two homologous edges. 

1024. Del. If two polyhedrons ABCD — and A'B'C'D' ■•■ 
are so situated that lines from a point O to A', b', c', D', etc., 
are divided by points ^ C' 

A, B, C, D, etc., in such ^.--'''^Ij^^^^^^. 

r that ^^i'''n^\ t X 



the two polyhedrons are said to be radially placed. 

ThTi 1667. ConBtnict two polyhedrons radially placed and so that 
point O lies between the two polyhedrons ; with:n the two polyhedroDS. 
* See I SII, In tblB dlecuiilou oal; ooliTei pol/twdroni vttl hn eonaldered. 
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Proposition III. Theorem 

1025. Any two radially placed polyhedrons are 

similar. (See Fig. 2 below.) 

OlTeu polyhedrons EC and JJ'C' radially placed with respect 
to point O. 

To prove polyhedron EC ~ polyhedron E'(f. 

AB, BC, CD, and DA are II respectively to a'b', B'lf, <fD', and 
D'A'. % 415. 

.-. ABCD II A'Ji'CD', and is similar to it. § 756, II. 

Likewise each face ot polyhedron BC is ~- to the correspond- 
ing face of polyhedron E'C", and the faces are similarly placed. 

Again, face All i fa«e A'll', and face AF II face a'f". 

.: dihedral Z AE= diliedral /.a'e'. 

Likewise ea«h dihedral Z. of polyhedron EC is equal to its 
corresponding dihedral Z of iwlyhedron h'c'. 

.: eat'h polyhedral Z of polyhedron EC is equal to its corre- 
sponding polyhedral Z of [tolyhedron E'c*. § IS- 

.-. polyhedron EC ~ polyhedron E'c". § 811. q.e.d. 

Proposition IV. Theorem 

1026. Any two similar polyhedrons may be radially 
placed. gf c' 



<X.vvn two similar polyhedrons XJf and f.'c'. 

To prove that SM and E'C may be radially placed. 
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OtrxLiKB or Proof 

1. Take any point O within polyhedron Z'C' and construct 

polyhedron xc so that it is radially placed with respect to X'c' 
and 30 that OA' -. 0A = 0B' : ob= ■■■ = A'B' : KL. 

2. Then polyhedron EC ~ polyhedron E'cf. § 1025. 

3. Prove that the dihedral A of polyhedron EC are equal, 
respectively, to the dihedral A of polyhedron XM, each being 
equal, respectively, to the dihedral A of polyhedron E'c'. 

4. Prove that the faces of polyhedron EC are equal, respec- 
tively, to the faces of polyhedron XM. 

5. Prove, by superposition, that polyhedron EC = XM. 

6. .-. polyhedron XM may be placed in the position of EC. 

7. But EC and e'C' are radially placed. 

8. .■- XM&ad E'c" may be radially placed, q.e.d. 

Proposition V. Theoeem 

1027. If a pyramid is out by a plane parallel to its 
base: 

I. The pyramid cut off is similar to the given- pyra- 
Tnid. 

II. The two pyramids are to each other as the cubes 
of any two homologous edges- 




The proofs are left as exercises for the student 
tliNT. For the pi'oof of 11, pass planes through OB' and diafonsls 
B'ly, B'E", etc., dividing each of the pyramids into triangular pyramids. 
Then pyramid 0-BCD — pyramid O-B'Ciy ; pyramid 0-EBD ~ pyra- 
mid 0-E'B'D', etc. Use § 812 and a method similar to that used In § G06. 
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Peopositiom VI. Thborbu. 
1028. Two similar polyhedrons are to each other as 
the cubes of any two homologous edgt 




Qtwtai two similar poly- 
hedrons XJf and E'd, with 
their volumes denoted by F ^ 

and v', respectively, and with KL and a'b' two homol. edges. 

™_ r K^ 
To tnrove — : = ■• 

y' iW 

Place XM in position SO, so that XJf and S^C are radially 
placed with respect to jSoint Owithin both polyhedrons. § 1026. 

Denote the volumes of pyramids O-ABCD, 0-AEFB, etc., by 
»i, i>j, etc., and the volumes of pyramids o-A'B'dW, O-A'E'F'b', 
etc., by 111', *'t'i fitc. 

^ = ^; etc. §1027, IL 



Then -a = ^ 



(§1022, a); ■■. 4^ = 



polyhedron EC __ Ali 
polyhedron E'cf j^'^ 



1029. note. Since § 1028 
the teacher will find plenty of 
IX iUustrating this principle. 



assumed early in the text (see S^14), 
throughout Books VII, VIII, and 
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(The numbers refer to artioles.) 



Adjacent dihedral angU 
Altitude, of cone 

of cylinder 

of prism 

of prismatoid 

of pyramid 

of spherical segment 

of a. 



Angle, dihedral 
magnitude of 
of lune . . 
' of spherical wet^e 
of two intereecting 
polyhedral . 

spherical 

tetrahedrai 

tJ-ihedral 
Angles, designation a 
Axis, of circle of aphi 

of right circular c 

Base, of cone . , 



of pyramid . . 
of spherical pyramid 
of spherical sector . 
ases, of cylinder . . . 
of prism .... 
of spherical segment 
of a 



Birectangular spherical tri- 
angle 



934, 935 



8W 



Center of sphere . 
Circular cone . . 
Circular cylinder . 
Circumscribed polyhedro 
Circumscribed prism 
Circumscribed pyramid 
Circumscribed s 
Closed figure 714, 715, ! 

altitude of . 

base of . 

circular . 

element of . 

frustum of . 

lat«ral surface of 

obUque . . . 

of revolution . 

plane tangent to 

right circular . 

spherical . . 

vertex of , . 

volume of . . 
Cones, similar . . 
Conical surface . 

directrix of 

element of . . 

generatrix of . 

lower nappe of 

upper nappe of 

vertex of . . 
Convex polyhedral angle 
Coplanarpoints, lines, planes 668 



84D 



876 



1003 
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Cube . . ■ ; , 
Cylifljier . . . 

ultitude of . . 

bases of . . 

circular . , . 

element of . . 

lateral surface of 

oblique . . . 

of revolution . 

plane tangent to 

r^t .... 

rigbt circular . 

r^ht seotiou of 

volume of . . 
Cylinders, similar 
Cylindrical surface 

directrix of 

element of . , 

generatrix of . 
Degree, spherical 
Determined plane 
Diagonal of polyhedron 
Diameter of spher 
Dihedral angle 

edge of . . . 

faces of , . 

plane angle of 

r^ht . . . 
Dihedral angles, adjacent . C 
Directrix, of conical surface f 

of cylindrical surface , J 

of polyhedral angle . . t 

of prismatic surface . 1 

of pyramidal surface . 'i 
Distance, from point to plane f 

on surface of sphere . i 

polar i 

Dodecahedron ...,', 

Edge of dihedral angle . , f 
Edges of polyhedral angle ( 



Edges of polyhedron 

Element, of cone . . . 
of conical surface 
of cylinder .... 
of oyhndrical surface 
of i>olyhedral angle . 
of pyramidal surface 

Equivalent solids . . 

Excess, spherical . . , 



Pace angles of polyhedral 

angle 694 

Faces, of dihedral angle . 666 

of polyhedral angle . . 604 

of polyhedron . . . 717 

Foot of perpendicular . . ^1 

Formulas ot Solid Geome- 
try 1014 

Frustum of cone .... 879 

slant height of ... 881 

Frustum of p3n-amid . . 754 

lateral area of ... 760 

slant height of . . . 765 

Generatrix, of conical sur- 
face 83S 

of cyhndrical surface . 820 

of polyhedral angle . , 693 

of prismatic surface . 725 

of pyramidal surface . 745 

Geometry, of space . . . 602 

solid 602 

Great circle 904 

Hexahedron 719 

Historical Notes 

Ahmes 777 

Archimedes .... 

809. 896, 973, 974, 1001 

Archytas 787 

Athenians . . . , ', 787 
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Historical Notes 

Brahmagupta . . 809, 896 

Cavalieri 992 

Egyptians 777 

Euclid 723 

Eudosus . 809, 896, 1000 
Giratd, Albert . 946, 992 

Hippasus 723 

Menelaus of Alexandria 992 

Plato 787 

Pythagoras . . 7^, 787 

Snell 946 

Icosahedron 719 

Inolinatioa of line to plane 665 

Inscribed polyhedron . . 928 

Inscribed prism .... 851 

inscribed pyramid . . . 867 

Inscribed sphere .... 927 

Intersection of two surfaces 614 

Lateral area, of frustum of 

pyramid .... 760 

■ of prism 760 

of pyramid .... 760 

of right circular cone . 872 

of right circular cylinder 857 

Lateral fidgea, of prism . . 727 

of p3T^mid .... 748 

Lateral faces, of prism . . 727 

of pyramid .... 748 

Lateral surface, of eone. . 840 

of cylinder 822 

of frustum of pyramid . 760 

Line, inclination of . . . 665 

oblique to plane . . . 630 

parallel to plane . . , 629 

perpendicular to plane 619 

projection of ... . 656 

tangent to sphere . . 921 



angle of ..... 

sides of 

vertices of .... , 

Measure-number .... 

Nappes, upper and lower 

74 
Numerical measure . . . 

Oblique oo 
Oblique eyUnder 
Octahedron 

Parallel planes 

Paralletopiped 

rectangitlar 

Perpendicular . 

foot of . . 
Perpendicular pb 
Plane, deterniinod 

perpendicular to straight 

tangent to cone . 

tangent to cylinder 

tangent to sphere 
Plane angle of dihedral 

angle .... 
Planes, parallel . . . 

perpendicular . . . 

postulate of . . . 
Polar distance of circle . 
Polar triangle .... 
Poles of circle .... 
Polygon, spherical . . 

diagonal of ... 

sides of 

vertices of ... . 
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Polyhedral angle .... I 

dihedral angles of . . i 

element of I 

face angles of .... I 

faces of I 

pBiis of ' 

vertex of i 

Polyhedral angles, sym- 
metrical . . . . ' 
vertical 

Polyhedron 

circumscribed about 

sphere ! 

diagonal of . . . . ' 

edges of 

faces of ..,.,., ' 

inscribed in sphere . . ! 

regular 

vertices of 

Polyhedrons, radially placed li 

similar .... 811, H 

Portrait of Plato . . . . ' 

Postulate, of planes . . . < 

revolution ' 

Prism ' 

altitude of ' 

bases of ' 

circumscribed about cyl- 
inder 1 

inscribed in cylinder . i 

lateral area of . . . ' 

lateral edges of ... ' 

lateral faces of . . . ' 

oblique ' 

quadrangular . . . . ' 

regular ' 

right ' 

right section of ... ' 

triai^ular ' 



Priam, truncated .... 736 
Prismatic surface . . . 724 

Prismatoid 1019 

altitude of 1020 

Projection, of line .... 656 

of point 655 

Pyramid 747 

altitude of 751 

base of 748 

circumscribed about cone 868 
frustum of .... 754 
inscribed in cone . . 867 
lateral area of ... 760 
lateral ei^es of . . . 748 
lateral faces of . . . 748 
quadrangular .... 749 

r^fujar 752 

slant height of ... . 764 

spherical 1010 

triangular .... 749, 750 

truncated 753 

vertex of 748 

Psramidal surface . . . 744 



Quadrangular prism 
Quadrangular pyramid . 



732 
749 



Radially placed polyhedrons 1024 

Radius of sphere .... 901 

Ratio, of similitude . . . 1023 

of two solids .... 775 

Rectangular parallelopiped 741 

Regular polyhedron . . . 720 

Regular prism .... 730 

Regular p3rraniid .... 752 
Right circular com 



lateral area of . . 

slant height of . . 

Right circular cylinda' . 

lateral area of . . 



844 

872 
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Right cylinder .... 823 

Right par&llelopiped . . 740 

R^ht prism 729 

Right section, of eyhnder . 830 

of prism 728 

Sector, apherical .... 1002 
Segment of sphere .... 1015 
Similar oones of revolution 877 
Similar cylinders of revolu- 
tion 863 

Similar polyhedToiis . 811,1022 
Similitude, ratio of . . . 1023 
Slant height, of frustum of 



of frustimi of pyramid 

of pyramid .... 

of right circular cone . 
Small circle of sphere . . 

Solid angle 

SoUd geometry .... 
Sphere 

center of 

circumscribed about 
polyhedron . . . 

diametOT of .... 

great circle of ... 

inscribed in polyhedron 

line tangent to . . . 

plane tangent to . . . 

radius of 

small circle of ... 

surface of 

volume of . . . . , 9i 
Spheres, tangent externally . 

tangent internally . . 

tangent to each other . 
Spherical angle .... 
Spherical cone .... 
Spherical d^jee .... 
Spheriocd excess .... 



765 



angles of 


diagonal of .... 


sides of 


vertices of 


Spherical polygons, sym- 


metrical .... 


ipherical pyramid . . . 


base of 


vertex of 


ipherieal sector . . . . 


base of 


Upherical segment . . . 


altitude of 


bases of 


of one base . . . . 


Spherical surface .... 


Jpherical triangle . . . 


birectai^:ular .... 


trireetangular . . . 


Jphencal wedge .... 


angle of 


base of 


itraight line, oblique to 


plane 


paraUel to plane . . . 



1010 
1002 
1002 
1015 
1016 
1015 
1016 



1006 
1006 
1006 



perpendicular to plane . 
Supplemental triangles . . 
Surface, closed .... 

conical 

cylindrical 

of sphere 

prismatic 

pyramided 

Symmetrical polyhedral 

angles 

Symmetrical spherical poly- 
gons 

Tctrahedral angle . . . 
Tetrahedron . . . .719, 
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Triangle, polar 
spherical . 
Triangles 
Triangular prism . . 

Triangular pyramid . 
Trihedral angle . . 

bireotangular - . 

isoseeleB . , . 

rectangular . . 

trirectangular 
Trireotangular sphe 

triangle . . 
Truncated prism . . 
Truncated pyramid , 

Unit of volume . . 

Vertex, of cone . . 
of conical surface 
of polyhedral angle 
of pyramid . . 



■ Vertex, of pTTsmidal surface 745 
of spherical pyramid . 1010 

I Vertical polyhedral angles . 708 

I Vertices, of lune .... 983 
of polyhedron , . . 717 
of spherical polygon 936 

> Volume, of cone . : . 892, b. 
of cylinder ^ .... 888 
of rectangular parallelo- 

piped 774 

ofsoUd 769,770 

of sphere -i . . . 996, r. 
unit of 769 

Wedge, spherical .... 1006 

Zone 975 

fdtitude of . . - . . . 976 

bases ol 975 

of one base .... 977 
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ROBBINS'S PLANE 
TRIGONOMETRY 

By EDWARD R. ROBBINS. Soiior Matbematical Mas- 
ter, William Penn Charier School, Philadelphia, Pa. 
^0.60 



THIS book is intended for beginners. It aims to give a 
thorough familiarity with the essential truths, and a 
saiisfdciory skill in operating with those processes. It 
is illustrated in the usual manner, but the diagrams are more 
than usually clear-cut and elucidating. 

^ The work is sound and teachable, and is written in clear 
and concise language, in a style that mates it easily under- 
stood. Immediately after each principle has been proved, 
it is applied first in illustrative examples, and then further im- 
pressed by numerous exercises. Accuracy and rigor of treat- 
ment are shown in every detail, and all irrelevant and ex- 
traneoiw matter is excluded, thus giving greater prominence 
to universal rules and formulas. 

^ The .references to Plane Geometry preceding the first 
chapter are invaluable. A knowledge of the principles of 
geometry needed in trigonometry is, as a rule, too freely taken 
for' granted. The author gives at the beginning of the book 
a statement of the applied principles, with reference to the 
sections of his Geometry, where such theorems are proved in 
full. Cross refcrences in the text of the Trigonometry to 
those theorems make ic easy for the pupil to review or to 
supplement imperfect knowledge. 

^ Due emphasis is given to the theoretical as well as to the 
practical applications of the science. The number of ex- 
amples, both concrete and abstract, is far in excess of those 
in other books on the market. This book contains four times 
lost books, and twice as many as that 
t lowest number. 
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MILNE'S STANDARD 
ALGEBRA 

By WILLIAM J. MILNE, Ph.D., LL.D.. President of 

the New York State Normal College, Albany. N. Y. 

Jl.OO 



THE Standard Algebra conforma to the niost recent 
courses of study. The inductive method of presentation 
is followed, but declarative statements and observationa 
are used, instead of questions. Added lo this kind of unfold- 
ing and development of the subject are illustrative problems 
and explanations to bring out specific points, the whole being 
driven home by varied and abundant practice. 
V The problems are fresh in character, and besides the tradi- 
tional problems include a large number drawn from physics, 
geometry, and commercial life. They are clasailied accord- 
ing to the nature of the equations involved, not according to 
subject matter. The statement of necessary definitions and of 
principles is clear and concise, but the proofs of principles, 
except aome important ones, are left for the maturer years of 
the pupil. 

^ Accuracy and self-reliance are encouraged by the use of 
numerous checks and testa, and by the requirement that re- 
sults be verified. The subject of graphs ia treated after simple 
equations, introduced by some of their simple uses in repre- 
senting statistics, and in picturing two related quantities In 
the process of change, and again after quadratics. Later they 
are utilized In discussing the values of quadratic expressions. 
Factoring receives particular attention. Not only are the 
usual cases given fully and completely with plenty of practice, 
but the factor theorem ia taught. 

^ The helptul and frequent reviews are made up of pointed 
oral questions, abstract exercises, problems, and recent college 
entrance examination questions. The book is unusually handy 
in size and convenient for the pocket. The page size is small. 
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ESSENTIALS OF BIOLOGY 

By GEORGE WILUAM HUNTER, A. H., Head of 
Department of Biology, DeWitt Clincon High School, 
New York City. ^^^^ 



THIS new iirsc-year course treais ihe subject of biology 
as a whole, and meets the requirements of the leading 
colleges and associations of science teachers. Instead 
of discussing plants, animals, and man as separate forma of 
living oi^nisms, it treats of life in a comprehensive manner, 
and particularly in its relations to the pri^ess of humanity. 
Each main tojric is introduced by a problem, which the pupil 
is to solve by actual laboratory work. The text that follows 
explains and illustrates the meaning of each problem. The 
work throughout aims to have a human interest and a practical 
value, and to provide the simplest and most easily comjH'e- 
hendcd method of demonstration. At the end of each chap- 
ter are lists of references to both elementary and advanced 
books for collateral reading. 



SHARPE'S LABORATORY 
MANUAL IN BIOLOGY 

»o.75 



IN this Manual the 56 important problems of Hunter's 
Essentials of Biology are solved; that is, the prmdples of 
iHology are developed from the laboratory standpoint. It is 
a teacher's detailed direcdons put into print. It states the prob- 
lems, and then tells what materials and apparatus are necessary 
and how they are to be used, how to avoid mistakes, and how 
to get at the facts when they are found . Following each prob- 
lem and its solution is a full list of references to other books. 
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ESSENTIALS IN HISTORY 



ESSENTIALS IN ANCIENT HISTORY . . ^1.50 

From the aclint record) to Charlarignc. By ARTHUR 
MAYER WOLFSON, Ph.D., Pint Atditint in Histoy, , 
DeWin CUnton Higb School, New York. 
ESSENTIALS IN MEDI-EVAL AND MODERN 
HISTORY Ii.jo 

From CbarUnnagne Is the pce»nt itj. By SAMUEL 
BANNISTER HARDING, Ph.D., Ptorsiar of Euro- 
pean HiUoiy, Indiani Unjvenily. 

ESSENTIALS IN ENGLISH HISTORY . - . $j.^o 

Fioni the orliesc records to ibe prnenr diy. B; 
ALBERT PERRY WALKER. A.M., Muter id Hi»- 
tory, Engliih High School, BoHon. 

ESSENTIALS IN AMERICAN HISTORY . ^i.jo 

From lh< diicovery to the proeiK day. By ALBERT 
BUSHNELL HART, LL.D., Prolwor of HiUorr, 
Harvard Univmitj. 



THESE volumes correapond to the four subdivisions re- 
quired by (lie College Entrance Examinalion Board, 
and by the New York Slate Educadon Dcpariment, 
Each volume ia designed for one year's work. Each of the 
writers is a trained historical scholar, familiar with the con- 
ditions and needs ofsecoodary schools. 

^ The effort has been to deal only with the things which 
are typical and characteristic; to avoid names and detaib 
which have small significance, in order to deal more justly 
with the forces which have really directed and governed man- 
kind. Especial attention is paid to st»cial history, as well as 
to the movements of sovereigns and political leaders, 
^ The books are readable and teachable, and tiiraish brief 
hut useful sets of bibliographies and suggestive questions. 
No pains have been spared by maps and pictures, to tiimish 
a significant and thorough body of illustration, which shall 
make the oarrative distinct, memorable, and clear. 
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